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ABSTRACT
L e t  D be  a  dom ain  w i t h  1 ^  0 and  q u o t i e n t  f i e l d  
IC. An. i d e a l  A o f  D i s  c a l l e d  a  v a l u a t i o n  i d e a l  p r o v i d e d  
t h e r e  e x i s t s  a  v a l u a t i o n ,  r i n g  D s u c h  t h a t  D c D ^ c K  and 
A = AD^ClD. L e t  II d e n o te  a  t y p e  o f  dom ain  su c h  a s  K r u l l ,  
D e d e k in d ,  a lm o s t  D e d e k in d ,  P r u f e r ,  e t c .  The n o t i o n  o f  
v a l u a t i o n  i d e a l  I s  g e n e r a l i z e d  a s  f o l l o w s :  an. i d e a l  A o f  D
i s  a  I I - i d e a l  p r o v i d e d  t h e r e  e x i s t s  a  II-dom ain  J  s u c h  t h a t  
D c j c K  and  A = A J f lD .  In. C h a p te r  I I  we show t h a t  i f  
e v e r y  i d e a l  in. D i s ,  r e s p e c t i v e l y ,  an. a lm o s t  D e d e k in d ,  
i n t e g r a l l y  c l o s e d ,  s t r o n g l y  i n t e g r a l l y  c l o s e d ,  r a n k  one 
v a l u a t i o n ,  one  d i m e n s i o n a l  P r u f e r ,  o r  K r u l l  i d e a l ,  t h e n  D 
i s ,  r e s p e c t i v e l y ,  an, a lm o s t  D e d e k in d ,  i n t e g r a l l y  c l o s e d ,  
s t r o n g l y  i n t e g r a l l y  c l o s e d ,  r a n k  one  v a l u a t i o n ,  one. 
d i m e n s i o n a l  P r u f e r ,  o r  K r u l l  d o m a in .  We a l s o  show t h a t  a 
n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n  t h a t  e v e r y  i d e a l  in. D i s  
a  P I D . i d e a l  i s  t h a t  D i s  a  D e d e k in d  d o m a in .  M o re o v e r ,  i f  
e v e r y  f i n i t e l y  g e n e r a t e d  i d e a l  o f  D i s  a  P r u f e r  i d e a l ,  t h e n  
D i s  a  P r u f e r  d o m a in .
D e n o te  b y  J2, t h e  s e t  o f  p r i m a r y  i d e a l s  o f  D , b y  
a? t h e  s e t  o f  s e m i - p r im a r y  i d e a l s  ( i . e .  i d e a l s  w i t h  p r im e  ' 
r a d i c a l )  an d  b y  9 9  t h e  s e t  o f  p r im e  pow er i d e a l s  o f  D. I n  
C h a p te r  I I I  we i n v e s t i g a t e  c e r t a i n ,  c o n ta in m e n t  r e l a t i o n s  
betw een, t h e s e  c l a s s e s  o f  i d e a l s  and  t h e  c l a s s e s  o f  K r u l l ,
D e d e k in d ,  a lm o s t  D e d e k in d ,  P r u f e r ,  i n t e g r a l l y  c l o s e d ,  
s t r o n g l y  i n t e g r a l l y  c l o s e d ,  N o e th e r ia n , ,  and  N o e t h e r i a n  
i n t e g r a l l y  c l o s e d  i d e a l s ,  w h ic h  a r e  d e n o te d  by  K ,
n> and  71J, r e s p e c t i v e l y .  F u r t h e r m o r e ,  we d e n o te  b y  
Jftr t h e  s e t  o f  i d e a l s  w h ic h  a r e  i n t e r s e c t i o n s  o f  v a l u a t i o n  
i d e a l s  and  b y  t h e  s e t  o f  p r i n c i p a l  i d e a l  dom ain  i d e a l s .
N e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n s  a r e  g iven , in. o r d e r  t h a t  
J  c  J  c  J2.1 J  C J ,  J2. = J?, J  = J ,  Jflr c  J2., J!f c  J  c  J  ,
Jflr = 2., JRr = J 3 X ^  71J J .  We a l s o  g i v e  n e c e s s a r y  an d
s u f f i c i e n t  c o n d i t i o n s  t h a t  a  domain. D b e  an. a lm o s t  D e d ek in d  
d o m ain . In  p a r t i c u l a r ,  D i s  a lm o s t  D e d ek in d  i f  and  on ly , 




T h ro u g h o u t  t h i s  p a p e r  D w i l l  d e n o te  an, i n t e g r a l  
d o m ain  w i t h  1 =}= 0 and  q u o t i e n t  f i e l d  K. An. o v e r r i n g  o f  D 
w i l l  he  a  r i n g  J  su c h  t h a t  D c j c K .  an  i d e a l  A o f  a  dom ain
i
D i s  c a l l e d  a  v a l u a t i o n  i d e a l  p r o v i d e d  t h e r e  e x i s t s  a  
v a l u a t i o n ,  r i n g  Dv su c h  t h a t  D c D ^ c K  and A = ADv 0 D 
[ 2 3 j 3^-0], L e t  II d e n o te  a  t y p e  o f  domain, s u c h  a s  a K r u l l  
domain.., a n  a lm o s t  D e d ek in d  dom ain , a  P r u f e r  d o m ain , e t c .
The n o t i o n  o f  v a l u a t i o n  i d e a l  c a n  he  g e n e r a l i z e d  a s  f o l l o w s :  
an. i d e a l  A o f  a  dom ain  D i s  a  II -  i d e a l  p r o v i d e d  t h e r e  e x i s t s  
a  II-dom ain  J  s u c h  t h a t  D c J c K  and  A = AJ fl D .
I n  [2 ]  B u t t s  and  C r a n f o r d  show t h a t  i f  e v e r y  i d e a l  
in. a  dom ain  D i s  a  D e d e k in d  i d e a l ,  t h e n  D i s  a  D e d e k in d  
d o m a in .  G i lm e r  and  Ohm p r o v e ,  i n  [11 ] ,  t h a t  i f  e v e r y  
p r i n c i p a l  i d e a l  i n  a  domain. D i s  a  v a l u a t i o n  i d e a l ,  t h e n  D 
i s  a  v a l u a t i o n ,  r i n g .  M o re o v e r ,  i n  [ 6 ] ,  C r a n f o r d  show s t h a t  
i f  e v e r y  i d e a l  in. a  dom ain  D i s  a  P r u f e r  i d e a l ,  t h e n  D i s  a  
P r u f e r  d o m a in .  We a r e  a h l e  t o  show t h a t  i f  e v e r y  i d e a l  in. a  
domain. D i s ,  r e s p e c t i v e l y ,  an. a lm o s t  D e d e k in d ,  i n t e g r a l l y  
c l o s e d ,  s t r o n g l y  i n t e g r a l l y  c l o s e d ,  r a n k  one v a l u a t i o n ,  one 
d i m e n s i o n a l  P r u f e r ,  o r  K r u l l  i d e a l ,  t h e n  D i s ,  r e s p e c t i v e l y ,  
an. a lm o s t  D e d e k in d ,  i n t e g r a l l y  c l o s e d ,  s t r o n g l y  i n t e g r a l l y  
c l o s e d ,  r a n k  one  v a l u a t i o n ,  one d i m e n s i o n a l  P r u f e r ,  o r  K r u l l
1
2d o m a in .  We a l s o  show t h a t  a  n e c e s s a r y  1 and  s u f f i c i e n t  
c o n d i t i o n  t h a t  e v e r y  i d e a l  i n  a  dom ain  D i s  a  p r i n c i p a l  i d e a l  
dom ain  i d e a l  i s  t h a t  D i s  a  D e d e k in d  d o m a in .  A n o th e r  
r e s u l t  i n  t h i s  ve in , i s  t h a t  i f  e v e r y  f i n i t e l y  g e n e r a t e d
i
i d e a l  o f  D i s  a  P r u f e r  i d e a l ,  t h e n  D i s  a  P r u f e r  d o m a in .
D e n o te  b y  H t h e  s e t  o f  p r i m a r y  i d e a l s  o f  D , by  
V t h e  s e t  o f  v a l u a t i o n  i d e a l s  o f  D , b y  J  t h e  s e t  o f  
s e m i - p r i m a r y  i d e a l s  o f  D ( i . e .  i d e a l s  w i t h  p r im e  r a d i c a l ) ,  
and  b y  9 9  t h e  s e t  o f  p r im e  p o w er i d e a l s  o f  D. The 
s i g n i f ica n .ce  o f  t h e  v a r i o u s  c o n ta in m e n t  r e l a t i o n s  be tw een , 
t h e s e  c l a s s e s  o f  i d e a l s  h a s  b e e n  i n v e s t i g a t e d  i n  [ 3 ] ,  [ 1 1 ] ,
[ 7 ] j [ 9 ] • In. C h a p te r  I I I  we i n v e s t i g a t e  c e r t a i n
c o n ta in m e n t  r e l a t i o n s  b e tw e e n  t h e s e  c l a s s e s  o f  i d e a l s  and 
t h e  c l a s s e s  o f  K r u l l ,  D e d e k in d ,  a lm o s t  D e d e k in d ,  P r u f e r ,  
i n t e g r a l l y  c l o s e d ,  N o e th e r i a n . ,  and  N o e th e r ia n .  i n t e g r a l l y  
c l o s e d  i d e a l s ;  w h ic h  a r e  d e n o te d  b y  X> £  > G , 9 ,  J  , J J . , ft , 
and  f t j  3 r e s p e c t i v e l y .  F u r t h e r m o r e ,  we d e n o te  b y  Jflr t h e  
s e t  o f  i d e a l s  w h ic h  a r e  i n t e r s e c t i o n s  o f  v a l u a t i o n  i d e a l s  
and  b y  9J&  t h e  s e t  o f  p r i n c i p a l  i d e a l  dom ain  i d e a l s .
The c o n ta in m e n t  r e l a t i o n s  9 j f i c: c  d  c: 9  c: Jflr <= J
a r e  a lw a y s  t r u e .  A ls o  & c z f t J a X  and  z t z j  . N e c e s s a r y  
and  s u f f i c i e n t  c o n d i t i o n s  a r e  g i v e n  i n ' o r d e r  t h a t  ,
J  c l  , J < z J  , x  = j  J  = Jf ,jnr a  =-2. ,JW  = J  , x  <Z J  ,
and  71J c  J  . We a l s o  g i v e  n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n s  
t h a t  a  dom ain  D be  an. a lm o s t  D e d ek in d  d o m a in .  In. p a r t i c u l a r ,
3D i s  an. a lm o s t  D e d e k in d  dom ain  i f  and  o n l y  i f . ' .2. c: Ct and 
p r o p e r  p r im e  i d e a l s  o f  D a r e  m a x im a l .  We w i l l  u s u a l l y  
f o l l o w  [22] and  [23] in. m a t t e r s  o f  n o t a t i o n  and  d e f i n i t i o n s .  
C o n ta in m e n t  w i l l  b e  d e n o te d  b y '  cz and  p r o p e r  c o n ta in m e n t  
w i l l  be  d e n o te d  b y  < . An. i d e a l  A o f  t h e  dom ain  D i s  a  
p r o p e r  i d e a l  p r o v i d e d  (0 )  < A < D .
CHAPTER I  
PRELIMINARY RESULTS
D e f i n i t i o n  1 . 1 . A dom ain  D i s  c a l l e d  a  P r u f e r  dom ain  
p r o v i d e d  Dp ( t h e  q u o t i e n t  r i n g '  o f  D w i t h  r e s p e c t  t o  t h e  
p r im e  i d e a l  P o f  D, [22j 228]) i s  a  v a l u a t i o n  r i n g  f o r  e a c h  
p r o p e r  p r im e  i d e a l  P o f  D, ( s e e  [11], [14 ^12 7 ],  P-5S554 ] ,  
and  p.6 ] ) .
D e f i n i t i o n  1 . 2 .  A dom ain  D i s  c a l l e d  an. a lm o s t  D e d ek in d
--------------------------- i
dom ain  p r o v i d e d  Dp i s  a  r a n k  one  d i s c r e t e  v a l u a t i o n  r i n g  
( i . e .  a  v a l u a t i o n  r i n g  w h ic h  i s  a  D e d e k in d  dom ain ) f o r  
e a c h  p r o p e r  p r im e  i d e a l  P o f  D ( s e e  [ 4 ] ,  [ 1 0 ] ) .
D e f i n i t i o n  1 . 3 - D i s  a  K r u l l  dom ain  i f  t h e r e  e x i s t s  a  s e t  
o f  r a n k  one d i s c r e t e  v a l u a t i o n  r i n g s ,  (D ^J, su c h  t h a t  
D = (JDv and  s u c h  t h a t  e a c h  n o n - z e r o  e le m e n t  i n  D i s  a  
n o n - u n i t  i n  o n l y  f i n i t e l y  many o f  t h e  Dv , i . e .  i f  0 | = x e D ,  
t h e  s e t  ( v | v ( x )  4= 0 } i s  f i n i t e  ( s e e  [ 1 ] ) .
i
D e f i n i t i o n  1 . 4 . x  e K i s  i n t e g r a l  o v e r  D i f  t h e r e  e x i s t
e l e m e n t s  a^ s D and  a  p o s i t i v e  i n t e g e r  n  su c h  t h a t
n  , n - 1 . . n 1x  + a n x  + .  . . +a„ =  0 .
JL IJ iI
D e f i n i t i o n .  1 . 5 . D i s  i n t e g r a l l y  c l o s e d  in. K i f  x  e K i s  
i n t e g r a l  o v e r  D i m p l i e s  x  e D.
4
5D e f i n i t i o n  1 . 6 . D = [ x e K j x  i s  i n t e g r a l  o v e r  D) i s  t h e
i n t e g r a l  c l o s u r e  o f  D i n  K .
D e f i n i t i o n  1 . 7 ■ x  e K i s  a lm o s t  i n t e g r a l  o v e r  D i f  t h e r e
e x i s t s  0 ={= d e D su c h  t h a t  dxn  e D f o r  a l l  n . > 0 .
D e f i n i t i o n  1 . 8 . D i s  s t r o n g l y  i n t e g r a l l y  c l o s e d  i n  . K
i f  e v e r y  e le m e n t  x  e K w h ic h  i s  a lm o s t  i n t e g r a l  o v e r  D
i s  i n  D.
D e f i n i t i o n  1 . 9 * I f  A i s  an. i d e a l  o f  D and  i f  i s  t h e
s e t  o f  a l l  n o n - t r i v i a l  v a l u a t i o n s  o f  K w h ic h  a r e  n o n -
n e g a t i v e  on. D, t h e n  A’ = H.AD i s  c a l l e d  t h e  c o m p le t io n .veT/l v
o f  A (D i s  t h e  v a lu a t i o n ,  r i n g  o f  t h e  v a l u a t i o n  v )  .
D e f i n i t i o n  1 . 1 0 . A i s  c o m p le te  i f  A = A' .
t
Lemma 1 . 1 1 . I f  S i s  a  m u l t i p l i c a t i v e  s y s te m  i n  a  dom ain
D, and  i f  A i s  an. i d e a l  o f  D su c h  t h a t  AJ fl D = A f o r
some domain. J  s u c h  t h a t  D c  j c K ,  then . ADg = A J g f lD g .
P r o o f : T h a t  ADg c  AJg fl Dg i s  c l e a r .  I f  x  e AJg fl Dg =
(ADg)Jg fl Dg, t h e n  x = a / s  = d / t  w i t h  a e  A J , s , t  e S ,d  e D. 
T hus t a  = d s ,  t a  e AJ, an d  d s  e D. I t  f o l l o w s  t h a t  
d s  e AJ fl D = A. Now s t  e S i m p l i e s  l / s t  e Dg, h e n c e  
d s ( l / s t )  = d / t  = x  e ADg. T h e r e f o r e  A JgflD gC A D g and  h e n c e  
ADg = AJg fl Dg •
Lemma 1 . 1 2 .  L e t  II be  a  r i n g  p r o p e r t y  su c h  t h a t  i f  J  i s  a
6dom ain  h a v in g  p r o p e r t y  II and  S i s  a  m u l t i p l i c a t i v e  s y s te m  
o f  J  , t h e n  Jg  a l s o  h a s  p r o p e r t y  II . Then i f  e v e r y  i d e a l  
o f  a  domain. D i s  a  I I - i d e a l  and  S i s  a  m u l t i p l i c a t i v e  
s y s te m  o f  D ,  i t  f o l l o w s  t h a t  e v e r y  i d e a l  o f  Dg i s  a  
I I - i d e a l .
P r o o f :  I f  S i s  a  m u l t i p l i c a t i v e  s y s te m  o f  D and  A' i s
any  i d e a l  o f  Dg , t h e n  A' fl D = A i s  an. i d e a l  o f  D .. By 
h y p o t h e s i s  t h e r e  e x i s t s  a  domain. J  h a v i n g  p r o p e r t y  II su c h  
t h a t  D c j c K  and  AJ fl D = A. Form t h e  q u o t i e n t  r i n g  Jg  . 
Then. Jg  h a s  p r o p e r t y  II. F u r t h e r m o r e ,  ADg = AJg fl Dg , "by 
Lemma 1 . 1 1 .  T h e r e f o r e  A' = ADg =~AJg fl Dg i s  a  I I - i d e a l .
Remark 1 . 1 3 . I f  we t a k e  t h e  r i n g  p r o p e r t y  II in. Lemma 1 . 1 2  
t o  mean, t h a t  J  i s  a  K r u l l  d o m a in ,  t h e n  t h e  c o n d i t i o n s  o f  
Lemma 1 . 1 2  a r e  s a t i s f i e d  [ 1 ; 1 0 ] ,  F u r t h e r m o r e ,  we can. 
r e p l a c e  " K r u l l "  b y  D e d e k in d ,  a lm o s t  D e d e k in d ,  P r u f e r ,  
N o e th e r ia n . ,  i n t e g r a l l y  c l o s e d ,  N o e t h e r i a n . - i n t e g r a l l y  c l o s e d  
(S ee  [ 5 $31] j [ 1 0 ; 8 l 6 ] ,  [ 8 5 3 3 3 ] ,  [22; 2 2 ^ ] ,  [ 2 2 ; 2 6 1 ] ) .  In. 
a d d i t i o n  i f  " I I - i d e a l "  in. Lemma 1 .1 2  m eans an. i d e a l  w h ic h  i s  
an i n t e r s e c t i o n ,  o f  v a l u a t i o n ,  i d e a l s ,  t h e n  Lemma 1 . 1 2  i s  v a l i d .
Lemma 1 . 1 4 . I f  Si c  X  in. a  domain. D and  S i s  a  m u l t i ­
p l i c a t i v e  s y s te m  o f  D, then . Si c  X  in. Dg .
P r o o f : L e t  S h e  a  m u l t i p l i c a t i v e  s y s te m  o f  D . Form t h e
q u o t i e n t  r i n g  D g, I f  Q1 i s  a  p r i m a r y  i d e a l  o f  Dg, then .
7Q' fl D = Q i s  a  p r i m a r y  i d e a l  o f  D. T h e re  e x i s t s  a  K r u l l  
dom ain  J  su c h  t h a t  D c j c K  an d  Q = Q J f lD .  By Lemma 1 . 1 1 ,
Q' = QPg = Q J g f lD g .  T h e r e f o r e  Q' i s  a  K r u l l  i d e a l .
Remark 1 . 1 5 . Lemma l , l 4  r e m a in s  t r u e  i f  K i s  r e p l a c e d  b y  
3  , a , J  , 7{ , o r  71J .
Lemma 1 . 1 6 . I f  A i s  a  v a l u a t i o n  i d e a l  i n  a  dom ain  J  and
i f  D i s  a  dom ain  c o n t a i n e d  i n  J ,  t h e n  AD D i s  a
v a l u a t i o n  i d e a l  i n  D ,
P r o o f : T h e re  e x i s t s  a  v a l u a t i o n  r i n g  J '  c o n t a i n i n g  J  and
c o n t a i n e d  i n  t h e  q u o t i e n t  f i e l d  o f  J  su c h  t h a t  A J ' fl J  = A.
T h e r e f o r e ,  s i n c e  A fl D = (A J 1 fl J )  fl D = (A J1 ) fl ( J O  D) = A J 1 fl D ,
i t  f o l l o w s  t h a t  AD D i s  a  v a l u a t i o n  i d e a l  i n  D .
Lemma 1 . 1 7 . E v e r y  P r u f e r  i d e a l  i n  a  dom ain  D i s  an. 
i n t e r s e c t i o n  o f  v a l u a t i o n  i d e a l s .
P r o o f : [ 6 ; 6 ] .
Lemma 1 . 1 8 . E v e ry  i d e a l  o f  a  dom ain  D i s  e q u a l  t o  i t s  k e r n e l ,
0  Ci . e .  A = PI [A : w i t h  r e s p e c t  t o  t h e  m in im a l  p r im e s  o f  D 
c o n t a i n i n g  A ) ,  i f  and  o n l y  i f  p r o p e r  p r im e  i d e a l s  o f  D a r e  
m a x im a l .
P r o o f : [ 1 8 ;  3 1 ] .
Lemma 1 . 1 9 » H = J  i n  a  dom ain  D i f  and  o n l y  i f  p r o p e r  p r im e  
i d e a l s  o f  D a r e  m a x im a l .
8P r o o f : [ 7 ; 1 2 7 4 ] .
Lemma 1 . 2 0 . D , t h e  i n t e g r a l  c l o s u r e  o f  D i n  K, i s  
i n t e g r a l l y  c l o s e d .
P r o o f : [19 ;29] .
Lemma 1 . 2 1 . I f  A i s  an. i d e a l  o f  a  domain. D , then .
A = n ADp , w i t h  t h e  i n t e r s e c t i o n ,  t a k e n  o v e r  a l l  p r o p e r  p r im e
i d e a l s  P o f  D .
P r o o f : [23;9^-] •
Lemma 1 . 2 2 . I f  A i s  an. i d e a l  o f  D a n d  i f  D1 i s  an.
o v e r r i n g  o f  D i n  K , t h e n  AD' = A (D D ') = (AD) D' .
i
P r o o f : T h i s  i s  a  s p e c i a l  c a s e  o f  t h e  a s s o c i a t i v e  la w  f o r
m u l t i p l i c a t i o n  o f  s u b s e t s  o f  K, i . e . ,  i f  Qj Rj S a r e  t h r e e  
s u b s e t s  o f  K , then . (QR)S = Q(RS) w h e re  QR m eans t h e  
s e t  o f  a l l  f i n i t e  sums E q ^ r^ ,  w i t h  q ^ e  Q and  r ^  e R . The 
p r o o f  i s  s t r a i g h t f o r w a r d  and  w i l l  n o t  be  g i v e n .
Lemma 1 . 2 3 . I f  a  p r im e  i d e a l  P o f  D i s  an. a lm o s t  
D e d e k in d  i d e a l . ,  t h e n  P i s  a  r a n k  one d i s c r e t e  v a l u a t i o n .
i
i d e a l .
P r o o f : I f  a  p r o p e r  p r im e  i d e a l  P o f  D i s  an. a lm o s t
D e d e k in d  i d e a l ,  t h e n  t h e r e  e x i s t s  an. a lm o s t  D e d e k in d  domain.
J  su c h  t h a t  D c j c K  and  P J  fl D = P .  Form  t h e  q u o t i e n t
9r i n g s  Dp and  J g , w h e re  S = D \P  . Jg  i s  an a lm o s t  
D e d ek in d  d o m ain , s i n c e  J  c  J g .  M o re o v e r , PDR = P J g fl Dp ,
By Lemma 1 . 1 1 .  S in c e  P J H S  =; ( P J H D ) n  S = Pfl S = 0  , 
t h e n  ( P J ) J g  -  P JS ^ J S ’ ^  f o l l o w s  t h a t  t h e r e  e x i s t s  a 
m ax im al i d e a l  R in  J g su c h  t h a t  PJ g c  R, and  t h e r e f o r e  
RH Dp = PDp. Now fo rm  t h e  q u o t i e n t ' r i n g  ( j s )r j w h ic h  
i s  a  r a n k  one d i s c r e t e  v a l u a t i o n  r i n g  w i t h  u n iq u e  m ax im al 
i d e a l  R ( J g )R; t h e n  R ( J g ) R n D  = R ( J g ) R n ( J g fl D) =
[ R ( J g ) R n J g ] n D = ROD = P .  T h e r e f o r e  P i s  a  r a n k  one 
d i s c r e t e  v a l u a t i o n  i d e a l .
Remark 1 . 2 4 . The p o l y n o m i a l  dom ain  Z [x] o v e r  t h e  r i n g  Z o f  
i n t e g e r s  i s  an  exam ple  o f  a domain, i n  w h ic h  e v e r y  p r i n c i p a l  
i d e a l  i s  e q u a l  t o  i t s  k e r n e l ,  b u t  n o t  e v e r y  i d e a l  i s  e q u a l  
t o  i t s  k e r n e l .  T h i s  f o l l o w s  f ro m  Lemma 1 . 1 8  s i n c e  Z [x]  
i s  a K r u l l  r i n g  ( i t  i s  a u n iq u e  f a c t o r i z a t i o n ,  d o m ain , [ 2 2 ;3 2 ] )  
w h ic h  i s  n o t  one  d i m e n s i o n a l .  I n  f a c t ,  e v e r y  K r u l l  domain, 
w h ic h  i s  n o t  a D e d ek in d  dom ain f u r n i s h e s  su c h  an. exam ple  
[ 2 3 5 8 4 ] .  f
Lemma 1 . 2 5 . I f  D i s  a  K r u l l  dom ain  and  i f  7ft d e n o te s  t h e
s e t  o f  m in im a l  p r im e s  o f  D w h ic h  c o n t a i n  aD , w h e re  
a 4= 0 , t h e n  aD = fl (aD -H  D) .
i
P r o o f :  T h a t  a D c  fl (aD ^ flD )  i s  c l e a r .  L e t  7ft b e  t h e
  PeJPT p
( f i n i t e )  s e t  o f  m in im a l  p r im e s  c o n t a i n i n g  " a " .  L e t  
x  e p H ^ a D p f lD ) ,  then , f o r  e a c h  P e 7ft t h e r e  e x i s t s  y  e D
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a n d  m e D \ P . s u c h  t h a t  x  = a y /m . T h e r e f o r e  Vp(xm) = 
vp (x )  + Vp(ra) = vp (x )  = V p ( a ) + v p ( y ) ,  w h ere  v p i s  t h e  
v a l u a t i o n  a s s o c i a t e d  w i t h  t h e  r a n k  one  d i s c r e t e  v a l u a t i o n  
r i n g  Dp. Hence we h a v e  ( i )  v p (x )  > v p ( a ) .  Now x  = a s ,  
s e K, h e n c e  i t  f o l l o w s  t h a t  ( i i )  V p(x) = V p ( a ) + V p ( s ) .  
T h e r e f o r e ,  b y  ( i )  and  ( i i ) ,  vp ( s )  > 0 f o r  a l l  P e 771. 
C o n s id e r  t h o s e  m in im a l  p r im e s  P su c h  t h a t  a  /  P .  Then. 
vp ( x ) = v p ( a ) + v p ( s ) 2  ® ince  a  /  P , v p ( a )  = 0 .
T h e r e f o r e  V p(x) = V p (s )  > 0 f o r  e v e r y  m in im a l  p r im e  P o f  
D . I t  f o l l o w s  t h a t  s e D an d  h e n c e  x  = a s  e aD. T h e r e ­
f o r e  aD -  fl (aD -nflD ).P e17l P '
Lemma 1 . 2 6 . L e t  D ' ,  D" b e  i n t e g r a l  dom ains  su c h  t h a t  
D c D 1 c D " c K ,  I f  e v e r y  e le m e n t  o f  D11 i s  i n t e g r a l  o v e r  D' 
a n d  e v e r y  e le m e n t  o f  D1 i s  i n t e g r a l  o v e r  D , t h e n  e v e r y  
e le m e n t  o f  D" i s  i n t e g r a l  o v e r  D .
P r o o f :  [225256 ] .
CHAPTER II
DOMAINS IN WHICH EVERY IDEAL IS  A II- IDEAL
T heorem  2 . 1 . I f  e v e r y  p r o p e r  i d e a l  in. a  dom ain  D i s  an  
a lm o s t  D e d ek in d  i d e a l ,  t h e n  D i s  an  a lm o s t  D e d e k in d  domain, 
(a n d  c o n v e r s e l y ) .
P r o o f : I f  A I s  a p r o p e r  i d e a l  I n  D , t h e n  t h e r e  e x i s t s
an  a lm o s t  D e d ek in d  dom ain  J  s u c h  t h a t  D c  J c  K and
A = AJ fl D. AJ = fl [ ( A J ) J p ] = n AJp , b y  Lemmas 1 ,2 1  and I FmJ R E t J  R
1 . 2 2 .  F u r t h e r m o r e ,  s i n c e  A =AJ fl D = ( H AJt)) n D =  fl (AJJ1 DO),
p ' B=J p
i t  f o l l o w s  t h a t  A i s  an. i n t e r s e c t i o n  o f  v a l u a t i o n ,  i d e a l s
and  h e n c e  D I s  a  P r u f e r  domain. [11; 2 3 8 ] .  I f  P i s  any
p r o p e r  p r im e  i d e a l  o f  D and  Q, i s  a n y  P p r i m a r y  i d e a l ,
t h e n  Q = QDpflD. T h a t  i s ,  Q i s  a  v a l u a t i o n ,  i d e a l ,  h e n c e  
H c  It in. D . Now P i s  a  r a n k  o n e  d i s c r e t e  v a l u a t i o n ,  
i d e a l ,  by  Lemma 1 .2 3 *  T h e r e f o r e  D I s  a  one d i m e n s i o n a l  
P r u f e r  domain. [11; 2 4 7 ] .  I t  f o l l o w s  t h a t  Dp i s  a  r a n k  one 
v a l u a t i o n  r i n g ,  h e n c e  I s  a  m ax im al  s u b r i n g  o f  K . Now i f  
P i s  a  v a l u a t i o n ,  i d e a l  f o r  t h e  r a n k  one  d i s c r e t e  v a l u a t i o n ,  
r i n g  Dv , t h e n  D pC D y c K .  T h e r e f o r e  Dp = Dv i s  a  r a n k  
one  d i s c r e t e  v a l u a t i o n ,  r i n g  and  D i s  an. a lm o s t  D e d ek in d  
d o m a in .  The c o n v e r s e  i s  o b v i o u s .
Lemma 2 . 2 .  L e t  D b e  a  dom ain  an d  l e t  [D ] _  be  a■-----------------  a  a £7fi
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f a m i l y  o f  d o m ain s  s u c h  t h a t  D c D  c: K f o r  a l l  c t€ # | .  I f  f o roc
e v e r y  x i n  D t h e r e  e x i s t s  a e % su c h  t h a t  xD = xD^ fl D ,
then . D = 0,1) . iae#| a
P r o o f :  T h a t  D c  fl D i s  c l e a r .  I f  0 e fl D , then .
---------  ae#| a  a  sty a
p = x / y ,  w h e re  x , y  e D. S in c e  x = 0y  i m p l i e s  xD c g y  D
CX (X
f o r  a l l  a  e %3 t h e n  xD c  yD f o r  a l l  a  ByUu LI
h y p o t h e s i s  t h e r e  e x i s t s  y e 771 su c h  t h a t  yD = y B ^ D B .
T h e r e f o r e  x D c  xD^ fl D c  yD^ fl D = yD, 0 = x / y  e D , and
fl D c :D . H ence D = fl D .
a e ^  a  aeffi a
T heorem  2 . 3 . I f  e v e r y  p r i n c i p a l  i d e a l  in. a  domain. D i s  
an. i n t e g r a l l y  c l o s e d  i d e a l  ( s t r o n g l y  i n t e g r a l l y  c l o s e d  
i d e a l ) ,  t h e n  D i s  an. i n t e g r a l l y  c l o s e d  dom ain  ( s t r o n g l y  
i n t e g r a l l y  c l o s e d  domain.) and  c o n v e r s e l y .
P r o o f : F o r  e a c h  p r i n c i p a l  i d e a l  aD o f  D t h e r e  e x i s t s
an. i n t e g r a l l y  c l o s e d  dom ain  ( s t r o n g l y  i n t e g r a l l y  c l o s e d
domain.) D su c h  t h a t  D c D  c  K andraD =aD flD, D = flD , b y  ' a  a  a  a J
Lemma 2 . 2 .  T h e r e f o r e  D i s  i n t e g r a l l y  c l o s e d  ( s t r o n g l y  
i n t e g r a l l y  c l o s e d ) .  The c o n v e r s e  i s  o b v i o u s .
T heorem  2 . 4 . I f  e v e r y  p r i n c i p a l  i d e a l  in. D i s  a  r a n k  one  
v a l u a t i o n ,  i d e a l ,  then . D i s  a  r a n k  one  v a l u a t i o n  r i n g  (an d  
c o n v e r s e l y ) .
P r o o f : I f  xD i s  a  p r i n c i p a l  i d e a l  o f  a  domain. D , then ,
t h e r e  e x i s t s  a  r a n k  one  v a l u a t i o n ,  r i n g  J  c o n t a i n i n g  D and
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c o n t a i n e d  i n  K su c h  t h a t  xD = x J  fl D. S in c e  a  r a n k  one 
v a l u a t i o n  r i n g  i s  s t r o n g l y  i n t e g r a l l y  c l o s e d  [ I 6 j l 7 0 ] ,  xD 
i s  a  s t r o n g l y  i n t e g r a l l y  c l o s e d  i d e a l .  T h e r e f o r e  D i s  
a  s t r o n g l y  i n t e g r a l l y  c l o s e d  d o m ain , b y  T heorem  2 .3 . '  F u r t h e r ­
m o re ,  s i n c e  e a c h  p r i n c i p a l  i d e a l  o f  D i s  a  v a l u a t i o n  id e a l ! ,  
D i s  a  v a l u a t i o n  r i n g  [11; 239]*  A s t r o n g l y  i n t e g r a l l y  
c l o s e d  v a l u a t i o n  r i n g  i s  r a n k  o n e [ l 6 ; 1 7 0 ] .  T h e r e f o r e  D 
i s  a  r a n k  one v a l u a t i o n ,  r i n g .  The c o n v e r s e  i s  o b v i o u s .
Theorem  2 . 5 « I f  e v e r y  i d e a l  i n  D i s  a  one d i m e n s i o n a l  P r u f e r  
i d e a l ,  t h e n  D i s  a  one  d i m e n s i o n a l  P r u f e r  d o m a in .
P ro o ff : I f  e v e r y  i d e a l  i n  D i s  a  one  d i m e n s i o n a l  P r u f e r
i d e a l ,  t h e n  D i ^  a  P r u f e r  dom ain  [ 6 >7] •  I f  P i s  a
m ax im al i d e a l  i n  D , t h e n  t h e r e  e x i s t s  a  one d i m e n s i o n a l
P r u f e r  dom ain  J  s u c h  t h a t  D c j c K  and  P = PJ  fl D. L e t
M ^ P J  be  a  p r im e ,  h e n c e  m a x im a l ,  i d e a l  i n  J .  T hen  J M
i s  a  r a n k  one v a l u a t i o n  r i n g  and  P = MOD.  We c l a i m
— D p. F i r s t  n o t e  t h a t  *^D\P ^D \P  = ^P * H en ce ,
s i n c e  J M i s  a  v a l u a t i o n  r i n g  c o n t a i n i n g  t h e  v a l u a t i o n
r i n g  Dp and  c o n t a i n e d  in. K , i t  f o l l o w s  t h a t  J M= (Dp ) q
f o r  some p r im e  i d e a l  Q o f  Dp. B u t Q = ^a^P  f>or some
p r im e  i d e a l  pa c P  ° f  T h e r e f o r e  J M = (Dp)p D = Dp
a  P a
[2 2 ;2 3 1 ] .  Hence MJM = Pa Dp and  Pa  = Pa Dp HD — MJ„ HD =
a  a
(MJ^ fl J)n D = Mfl D = P .  T h e r e f o r e  = Dp, Dp i s  a  r a n k  
one v a l u a t i o n ,  r i n g ,  an.d P i s  a  m in im a l  p r im e  i d e a l  o f  D.
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I t  f o l l o w s  t h a t  D i s  a  one d i m e n s i o n a l  P r u f e r  d o m a in .  The 
c o n v e r s e  i s  o b v i o u s .
Lemma 2 . 6 .  I f  e v e r y  i d e a l  i n  a  dom ain  D i s  a  K r u l l  i d e a l ,  
t h e n  D i s  s t r o n g l y  i n t e g r a l l y  c l o s e d .
P r o o f : I f  e v e r y  i d e a l  i n  D i s  a  K r u l l  i d e a l ,  t h e n  e v e r y
i d e a l  i n  D i s  a  s t r o n g l y  i n t e g r a l l y  c l o s e d  i d e a l ,  s i n c e  
a  K r u l l  dom ain  i s  s t r o n g l y  i n t e g r a l l y  c l o s e d .  T h e r e f o r e  
D i s  s t r o n g l y  i n t e g r a l l y  c l o s e d  b y  Theorem  2 . 3 .
Lemma 2 . 7 . I f  P i s  a  p r im e  i d e a l  i n  D s u c h  t h a t  Dp
i s  a  D e d e k in d  d o m ain , t h e n  t h e  o n ly  p r i m a r y  i d e a l s  b e l o n g i n g  
t o  P a r e  i t s  sy m b o l ic  p o w e rs  p ( n ) ,
P r o o f : L e t  P be  a  p r im e  i d e a l  o f  D su c h  t h a t  Dp i s  a
D e d ek in d  d o m a in .  T hen  e v e r y  p r o p e r  i d e a l  i n  Dp i s  a  
p o w e r  o f  PDp and  i s  a  p r i m a r y  i d e a l  b e l o n g i n g  t o  PDp , 
s i n c e  PDp i s  m a x im a l .  S in c e  t h e  p r i m a r y  i d e a l s  o f  Dp 
w h ic h  b e l o n g  t o  PD_ a r e  i n  1 - 1  c o r r e s p o n d e n c e  w i t h  t h e  
p r i m a r y  i d e a l s  o f  D which- b e lo n g  t o  P , t h e  th e o r e m  
f o l l o w s  f ro m  t h e  d e f i n i t i o n  o f  t h e  s y m b o l ic  p o w e rs  [22 j 2 3 2 ] .
Lemma 2 . 8 . I f  e v e r y  i d e a l  i n  a  dom ain  D i s  a  K r u l l  i d e a l
an d  i f  xD i s  a  p r o p e r  p r i n c i p a l  i d e a l  o f  D , t h e n  xD
h a s  an. i r r e d u n d a n t  r e p r e s e n t a t i o n  a s  a  f i n i t e  i n t e r s e c t i o n  
o f  s t r o n g  p r i m a r y  i d e a l s  ( i . e .  p r i m a r y  i d e a l s  w h ic h  c o n t a i n  
a  pow er o f  t h e i r  r a d i c a l ) .
P r o o f : L e t  xD be  a  p r o p e r  p r i n c i p a l  i d e a l  i n  D . Then.
t h e r e  e x i s t s  a  K r u l l  domain. J  su c h  t h a t  D c j c K  and
xD = x J D D .  F u r t h e r m o r e ,  s i n c e  x J  i s  a  p r i n c i p a l  i d e a l  in.
t h e  K r u l l  domain. J ,  we h a v e  x J  = fl ( P ! ) ^ n i ^ ,  w here  t h e
1 1
P r a r e  t h e  f i n i t e  num ber o f  m in im a l  p r im e s  o f  J  w h ic h
1 k ( n ± )
c o n t a i n  x J .  T h e r e f o r e ,  xD = x J  fl D = [n (P .! ) ] (ID = [
k  % (n., ) (n . ) 1
fl[ ( P i )  fl D] . S in c e  (Pj ) i s  p r i m a r y  f o r  P I ,  i t
1 (n i )  1 1
f o l l o w s  t h a t  (P! ) fl D i s  p r i m a r y  f o r  P^ = PJ fl D.
, ( n i )  , n n- t n-  1 n..
F u r t h e r m o r e ,  (P_M O D D  (P . ) fl D 3  ( P . f l D )  1 = p,  1 .
j. i  l  i
C l e a r l y  t h e  r e p r e s e n t a t i o n  can. be  made i r r e d u n d a n t ,
Lemma 2 . 9 . I f  e v e r y  i d e a l  in. a  domain. D i s  a  K r u l l  i d e a l
an d  i f  P i s  an. a s s o c i a t e d  p r im e  i d e a l  o f  a  p r o p e r  p r i n c i p a l
i d e a l  yD o f  D ( s e e  Lemma 2 . 8 ) ,  th en . flPn  = ( 0 ) .
n.
P r o o f : L e t  yD be a  p r o p e r  p r i n c i p a l  i d e a l  o f  D and  l e t •
J  b e  a  K r u l l  domain, c o n t a i n i n g  D an d  c o n t a i n e d  in. K su c h
t h a t  yD = yD = y J f l D .  In. t h e  p r o o f  o f  Lemma 2 . 8  we showed
t h a t  t h e  p r im e  i d e a l s  P^ o f  yD a r e  t h e  c o n t r a c t i o n s  o f
some o f  t h e  f i n i t e  num ber o f  m in im a l  p r im e  i d e a l s  P^ o f  J
w h ic h  c o n t a i n  y J .  H ence P*?' = ( p ! n D ) n = [ ( p ' j p  fl J ) f l D ] n  =
1
[ p ! j p i n D ] n c ( p ! j p J n n D .  T h e r e f o r e  fjP? <= £][ ( p ! j p )n  0 D] =
[ H(P.  J p )n ] PlD . S in c e  P. *JD i s  a  p r o p e r  i d e a l  in. a
n  1 r i  1
N o e th e r ia n .  d o m ain , i t  f o l l o w s  t h a t  n f P ^ J p  )n  = (0)  and  h e n c e
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Lemma 2 . 1 0 . L e t  D be  a  dom ain  w h ic h  i s  s t r o n g l y  i n t e g r a l l y  
c l o s e d  and  l e t  M b e  a m ax im al i d e a l  i n  D . I f  MM""'*' = M, 
t h e n  M™1 = D, o r  e q u i v a l e n t l y ,  i f  M- "*" > D, t h e n  MM™'1' 4=
P r o o f : S u p p o se  M i s  a m ax im al i d e a l  i n  a  s t r o n g l y
i n t e g r a l l y  c l o s e d  domain. D an d  t h a t  M = MM™"1". Then 
M = MM- 1  = . . .= M(M_ 1 )n = . . . . I f  0 4 d e M an d  x  e M™1 ,
t h e n  dx11 s M(M-1‘) n  = M cD  f o r  a l l  n > 0 .  T h e r e f o r e  x  i s  
a lm o s t  i n t e g r a l  o v e r  D and  h e n c e  x  e D s i n c e  D i s  
s t r o n g l y  i n t e g r a l l y  c l o s e d .  I t  f o l l o w s  t h a t  M™"1- = D.
Lemma 2 . 1 1 . I f  e v e r y  i d e a l  i n  a  dom ain  D i s  a  K r u l l  i d e a l  
and  i f  P i s  a  m in im a l  p r im e  i d e a l  o'f D , t h e n  Dp i s  a 
r a n k  one d i s c r e t e  v a l u a t i o n ,  r i n g .
P r o o f : L e t  P b e  a  m in im a l  p r im e  i d e a l  o f  D. Form t h e
q u o t i e n t  r i n g  Dp. S in c e  e v e r y  i d e a l  i n  D i s  a  K r u l l  i d e a l ,  
i t  f o l l o w s  t h a t  e v e r y  i d e a l  in. Dp i s  a K r u l l  i d e a l ,  by  
Lemma 1 . 1 2 .  T h e r e f o r e  Dp i s  s t r o n g l y  i n t e g r a l l y  c l o s e d ,  b y  
Lemma 2 . 6 .  PDp i s  t h e  o n l y  p r o p e r  p r im e  i d e a l  in. Dp , s i n c e  
P i s  a m in im a l  p r im e  i d e a l  o f  D. H en ce , i t  i s  s u f f i c i e n t  
t o  show t h a t  PDp i s  i n v e r t i b l e  ( s e e  [ 2 0 ] ,  [ 5 ] ) .  L e t  
0 x e  PDp. By Lemma 2 .8  t h e r e  e x i s t s  an  i r r e d u n d a n t  s t r o n g  
p r i m a r y  r e p r e s e n t a t i o n  f o r  xDp, and  s i n c e  e v e r y  p r o p e r  i d e a l  
i n  Dp i s  p r i m a r y  f o r  PDp , i t  f o l l o w s  t h a t  x D p ^ P n Dp 
f o r  some p o s i t i v e  i n t e g e r  n  . We may assum e t h a t  n. > 2 
and  i s  m in im a l ,  t h a t  i s  xDp => (PDp)n  and  xDp (PDp) 0 ™1
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H ence t h e r e  e x i s t s  y  e P^^D pX xD p. Now y / x  $ Dp an d
x , y e  Dp. We c l a i m  y / x  e (PD p)- '1' .  F o r  yPDp c  (Pn “ ^D p) PDp =
Pn D pC xD pJ h e n c e  (y /x ) P D p C D p .  T h e r e f o r e  y / x  e (PDp) - 1
an.d we h a v e  (PD p)- "1' > Dp. Now PDp c  PDp (PD p)- '1' c  Dp and
Dp i s  s t r o n g l y  i n t e g r a l l y  c l o s e d ,  h e n c e  h y  Lemma 2 .1 0
PDp(PDp)- '1' 4= PDp . S in c e  PDp i s  a  m ax im al i d e a l ,  we
"1
c o n c lu d e  t h a t  PDp(PDp)-  = Dp so t h a t  PDp i s  i n v e r t i b l e .
Lemma 2 . 1 2 . I f  e v e r y  i d e a l  i n  D i s  a  K r u l l  i d e a l  and  i f
P 4= 0 i s  a  m ax im al i d e a l  i n  D s u c h  t h a t  P i s  an  
a s s o c i a t e d  p r im e  i d e a l  o f  a p r i n c i p a l  i d e a l  yD o f  D ( s e e  
Lemma 2 . 8 ) ,  t h e n  P i s  i n v e r t i b l e .
k
P r o o f : L e t  yD = £ Qp b e  an. i r r e d u n d a n t  s t r o n g  p r i m a r y
r e p r e s e n t a t i o n  su c h  t h a t  P^ = / q 7  an d  P = P^ f o r  some 
1 < i  < k , s a y  P = P3_. I f  yD :P  = yD, t h e n  yDi P13 = yD f o r
/ -f- 4-
a l l  t  . T h e re  e x i s t s  a  t  su c h  t h a t  P =P^c =Qp  , b y  t h e
ijs t r o n g  p r i m a r y  r e p r e s e n t a t i o n ,  o f  yD. T h e r e f o r e  Q ^:P  = D
an.d h e n c e  yD = yD :P^ = (H Q^) : P^ = f l ( Q^: P^)  =
. fl (Q. : P ^ ) : o  fl Q. z>. yD. T hen yD = fl Q. , c o n t r a d i c t i n g
1 i f l  1 i ^ l  1
t h e  ir red u n .d a n .ee  o f  t h e  r e p r e s e n t a t i o n .  T h e r e f o r e  yD:P^=yD . 
I f  x  e (y D :P ) \y D ,  t h e n  x / y  /  D an.d ( x / y ) P  c  D , i . e .  
x / y  e P- 1 . I t  f o l l o w s  t h a t  P- 1 > D .  Now P c P P _ 1 c D ;  D i s
s t r o n g l y  i n t e g r a l l y  c l o s e d ,  b y  Lemma 2 .6 ,  a n d -h e n c e  PP- 1  ={= P
b y  Lemma 2 .1 0 .  T h e r e f o r e ,  s i n c e  P i s  a  m ax im al i d e a l ,  i t  
f o l l o w s  t h a t  PP- '1' = D and h e n c e  P i s  i n v e r t i b l e .
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i
Lemma 2 . 1 3 . I f  e v e r y  i d e a l  i n  D, i s  a  K r u l l  i d e a l ,  t h e n  t h e
p r im e  i d e a l s ,  o f  an y  p r o p e r  p r i n c i p a l  i d e a l  yD o f  D ( s e e
Lemma 2 . 8 )  a r e  m in im a l  p r im e  i d e a l s  o f  D (a n d  c o n s e q u e n t l y  
a  p r i n c i p a l  i d e a l  yD o f  D h a s  no im bedded  c o m p o n e n ts ) .
P r o o f : L e t  P b e  a  p r im e  i d e a l  o f  a  p r o p e r  p r i n c i p a l  i d e a l
yD o f  D. T hen i t  i s  c l e a r  t h a t  t h e  m ax im al i d e a l  PDp 
o f  Dp i s  a  p r im e  i d e a l  o f  yDp [ 2 3 ;2 2 5 ]  and  t h a t  P w i l l  
b e  a  m in im a l  p r im e  i d e a l  in. D i f  and  o n l y  i f  PDp i s  a
m in im a l  p r im e  i d e a l  i n  Dp [ 2 3 ; 2 2 8 ] ,  S in c e  e v e r y  i d e a l  in.
Dp i s  a  K r u l l  i d e a l ,  b y  Lemma 1 . 1 2 ,  i t  f o l l o w s  t h a t  we may 
assum e in. t h e  p r o o f  t h a t  P __is a  m ax im al i d e a l  o f  D. U nder 
t h i s  a s s u m p t io n ,  Lemma 2 .1 3  show s t h a t  P i s  i n v e r t i b l e .  
S u p po se  P^ i s  a  p r im e  i d e a l  o f  D s u c h  t h a t  P^ < P , t h e n  
P j P ^ c :  PP- '1' = D and  P^P“ ^ i s  an. i d e a l  o f  D . Now
P ( P jP - 1 ) = P j  i m p l i e s  t h a t  Pj P ^ ^ P j  and  Pp=>p^p“ \  h e n c e
P P j  = P j  • T h e r e f o r e  Pn P j  = P^ and  Pnuo p^  f o r  a l l  n. . 
T h e r e f o r e  P^ = ( 0 ) ,  s i n c e  Q Pn  = ( 0 ) ,  b y  Lemma 2 . 9* and  P 
i s  a  m in im a l  p r im e  i d e a l  o f  D .
I
Lemma 2 . 1 4 . I f  e v e r y  i d e a l  in. D i s  a  K r u l l  i d e a l ,  t h e n
e v e r y  p r o p e r  p r i n c i p a l  i d e a l  xD i s  c o n t a i n e d  in. o n l y  f i n i t e l y
many m in im a l  p r im e  i d e a l s  o f  D .
n.
P r o o f : L e t  xD = fl be  t h e  p r i m a r y  r e p r e s e n t a t i o n  f o r
I
xD g iven , b y  Lemma 2 . 8 ,  and  l e t  P b e  a  m in im a l  p r im e  o f  
D su c h  t h a t  x  e P . Then. P / q7 f o r  some i  , and
!19
p = / q7  s i n c e  P i s  m in im a l .  I t  f o l l o w s  t h a t  t h e  m in im a l  
p r im e s  o f  D w h ic h  c o n t a i n  x  f  O' i n  D a r e  e x a c t l y  t h e  
a s s o c i a t e d  p r im e s  o f  xD i n  an, i r r e d u n d a n t  r e p r e s e n t a t i o n
g i v e n  b y  Lemma 2 . 8 .
T heorem  2 . 1 5 . I f  e v e r y  i d e a l  i n  D i s  a  K r u l l  i d e a l ,  t h e n
D i s  a  K r u l l  dom ain  (a n d  c o n v e r s e l y ) .
P r o o f : L e t  % d e n o te  t h e  s e t  o f  a l l  m in im a l  p r im e  i d e a l s
o f  D. F o r  a l l  P e %, D- i s  a  r a n k  one  d i s c r e t e  v a l u a t i o n .
r
r i n g ,  b y  Lemma 2 . 1 1 .  I f  xD i s  a  p r o p e r  p r i n c i p a l  i d e a l
o f  D , then . xD = P-j_^ n l ^  fl Pg” 2  ^ f l . .  .fl P^ ^  , w h e re  t > 0  ,
t h e  Pp a r e  m in im a l  p r im e  i d e a l s  o f  D , n > l  and  t = 0
i f  an.d o n l y  i f  x  i s  a  u n i t  in. D, b y  Lemma 2 .7  and  Lemma
2 . 1 3 .  I t  f o l l o w s  a t  o n ce  t h a t  vp (x )  = n.pj l _ < i < t  , and
i
vp ( x ) = 0 i f  P e P =1= Ppj * * *9 Pt  * Thus t h e r e
e x i s t s  o n l y  a  f i n i t e  num ber o f  p r im e  i d e a l s  P e % s u c h
t h a t  v ro(x )  4= 0 .  T h a t  D c: D IL, i s  c l e a r .  I f  0 4=  x  e fl D^,
P^ '  T Pei?! p Petfl P
t h e n  x  = X j / x g  w i t h  Xp,Xg e D and  vp ( x ) > 0  f o r  a l l
P e %. T hus V p(x^) > V p(xg) f o r  a l l  P e %. From t h e
(vp ( x 1 ) )  (v  (x  ) )
r e l a t i o n s  x nD = O P  , x 0D = O P  , i t
1  P e ^  2 Pe#I
f o l l o w s  t h a t  x^D c  XgD an d  h e n c e  x  = x ^ / x g  e D. T h e r e f o r e
D = fl D- .
PeTn P
I
C o r o l l a r y  2 . 1 6 . I f  e v e r y  i d e a l  i n  D i s  a  N o e th e r ia n .  
i n t e g r a l l y  c l o s e d  i d e a l ,  t h e n  D i s  a  K r u l l  d o m ain .
I
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P r o o f : I f  e v e r y  i d e a l  in. D i s  a  N o e th e r ia n .  i n t e g r a l l y
c l o s e d  i d e a l *  t h e n  e v e r y  i d e a l  i n  D i s  a  K r u l l  i d e a l ,  
s i n c e  a  N o e th e r ia n .  i n t e g r a l l y  c l o s e d  domain, i s  a  K r u l l  
domain. [ 2 3 ; 8 2 ] .  T h e r e f o r e  D i s  a  K r u l l  d o m ain , b y  T heorem  
2 . 1 5 .
1
Lemma 2 . 1 7 • in. a  dom ain  D .
P r o o f : T h a t  &JD- c: i s  c l e a r .  L e t  Q be  a  D e d e k in d  i d e a l
in. a  domain. D, t h e n  t h e r e  e x i s t s  a  D e d e k in d  domain. D'
c o n t a i n i n g  D and  c o n t a i n e d  in. K s u c h  t h a t  Q=QD'  fl D.
S in c e  D' i s  a  D e d e k in d  domain, and  QP' i s  a  p r o p e r  i d e a l
n. ©j
o f  D' , QP' = n  ( P 1) , w h e re  t h e  P '  a r e  p r im e  i d e a l s
1 n 1
in. D ' . Now l e t  D" = ^  (D1 ) ^ ,  • D" i s  t h e  i n t e r s e c t i o n
o f  a  f i n i t e  num ber o f  r a n k  one d i s c r e t e  v a l u a t i o n ,  r i n g s  and
h e n c e  i s  a  D e d e k in d  domain. [ 2 ; 4 ] .  F u r t h e r m o r e  there*" e x i s t s
o n l y  f i n i t e l y  many p r im e  i d e a l s - i n .  D", n a m e ly  t h e  m ax im al
i d e a l s  in. t h e  r a n k  one  d i s c r e t e  v a l u a t i o n ,  r i n g s  (D 1 ) pl
i
[ 1 9 ; 3 8 ] .  T h e r e f o r e  D" i s  a  p r i n c i p a l  i d e a l  domain.
[ 2 2 ; 2 7 8 ] .  I n  a  D e d e k in d  domain, p r o p e r  p r im e  i d e a l s  a r e  
m a x im a l ,  h e n c e  we h a v e  e v e r y  i d e a l  e q u a l  t o  i t s  k e r n e l ,  
b y  Lemma 1 . 8 .  T h e r e f o r e  QP1 c  ( Q P ' ) P "  fl P '  =
[ QP1 ( D ' ) p , ) ] f l D ' c  (CJ [Qp '  (D1 ) p , ] ) 0 D< = ^  [ QP' (D1 ) p , n D]
= k e r n e l  QP' = Q P ' . Hence QP' = (QD' )D" fl D.  F u r th e r m o r e  
Q c  <QD" fl DC QP" 0 DPI D' = (QP" n D ' ) fl D c  [ (QD' )D" (1 D' ] f] D =
QD' fl D = Q. T h e r e f o r e  Q = QD" D D i s  in. €>Jt£ and  h e n c e
21
& = Q M  •
T heorem  2 . 1 8 . E v e r y  i d e a l  i n  D i s  a  p r i n c i p a l  i d e a l  
dom ain  i d e a l  i f  and  o n l y  i f  D i s  a  D e d e k in d  d o m a in .
P r o o f : I f  D i s  a D e d e k in d  domain., t h e n  e v e r y  i d e a l  i n  D
i s  a D e d e k in d  i d e a l ,  h e n c e  a l s o  a  p r i n c i p a l  i d e a l  domain: 
i d e a l ,  h y  Lemma 2 . 1 7 .  C o n v e r s e ly ,  i f  e v e r y  i d e a l  i n  D i s  
a p r i n c i p a l  i d e a l  domain, i d e a l ,  then , e v e r y  i d e a l  i n  D i s
f
a D e d ek in d  i d e a l  b y  Lemma 2 ,1 7 *  T h e r e f o r e  D i s  a  D e d e k in d  
dom ain [ 2 ; 4 ] .
D e f i n i t i o n .  2 . 1 9 * L e t  A be  an  i d e a l  o f  D , th en ,  x  e K
i s  i n t e g r a l  o v e r  A p r o v i d e d  t h e r e  e x i s t s  a .  e A  f o r
i  = 1 , 2 , . . . , n  s u c h  t h a t  xn + a-,xn r ^ + . . . a„  = 0 .* 1 n.
D e f i n i t i o n  2 . 2 0 . A* = f x e K j x  i s  i n t e g r a l  o v e r  A} i s  
c a l l e d  t h e  i n t e g r a l  c l o s u r e  o f  A i n  K.
D e f i n i t i o n  2 . 2 1 . An. i d e a l  A o f  D i s  s a i d  t o  b e  i n t e g r a l l y  
c l o s e d  i f  A = A* [ 2 3 ;3 5 0 ] *
Remark 2 . 2 2 . We w i l l  c a l l  t h e  c l a s s  o f  i d e a l s  w h ic h  a r e  
i n t e g r a l l y  c l o s e d ,  in. t h e  s e n s e  o f  D e f i n i t i o n  2 .2 1 ,  t h e  
Z a r i s k i  i n t e g r a l l y  c l o s e d  i d e a l s  and  w i l l  d e n o te  t h i s  c l a s s  
o f  i d e a l s  b y
Lemma 2 . 2 3 . The c o m p l e t i o n  A' o f  A i n  //K ( s e e  D e f i n i t i o n .  
1 . 9 )  c o i n c i d e s  w i t h  t h e  i n t e g r a l  c l o s u r e  A* o f  A i n  K .
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P r o o f : [ 2 3 ; 3 5 0 ]
Lemma 2 . 2 4 .  D i s  a  P r u f e r  dom ain  i f  and  o n l y  i f  A = A* 
f o r  e v e r y  i d e a l  A o f  D.
P r o o f : I f  A = A* f o r  e v e r y  i d e a l  A o f  D, then . A = A'
f o r  e v e r y  i d e a l  A o f  D , b y  Lemma 2 . 2 3 .  T h e r e f o r e  D i s  
a  P r u f e r  domain. [ 1 1 ; 2 3 8 ] .  C o n v e r s e l y ,  i f  D i s  a  P r u f e r  
dom ain , t h e n  A = A' f o r  e v e r y  i d e a l  i n  D [ 1 1 ; 2 3 8 ] .  T h e r e ­
f o r e  A = A* f o r  e v e r y  i d e a l  in. D , b y  Lemma 2 . 2 3 .
Lemma 2 . 2 3 . D i s  a  P r u f e r  domain, i f  and  o n ly  i f  w h e n e v e r  
A, B, C a r e  i d e a l s  o f  D , w i t h  A 4= 0 f i n i t e l y  g e n e r a t e d ,
AB = AC i m p l i e s  B = C.
P r o o f : [ 1 1 ; 2 3 8 ] .
Lemma 2 . 2 6 . The r e s t r i c t e d  c a n c e l l a t i o n  law  in. Lemma 2 . 2 5  
i s  e q u i v a l e n t  t o  t h e  c o n d i t i o n  A = A* f o r  e v e r y  f i n i t e l y  
g e n e r a t e d  i d e a l  i n  D . f
P r o o f : The r e s t r i c t e d  c a n c e l l a t i o n ,  la w  i m p l i e s  D i s  a
P r u f e r  d o m ain , b y  Lemma 2 .2 5 ,  h e n c e  A = A* f o r  e v e r y  i d e a l  
in. D , b y  Lemma 2 . 2 4 .  C o n v e r s e ly ,  s u p p o s e  A = A* f o r  e v e r y  
f i n i t e l y .g e n e r a t e d  i d e a l  A o f  D and  t h a t  we h a v e  any  
t h r e e  i d e a l s  A, B, C o f  D su c h  t h a t  A i s  f i n i t e l y  g e n e r a t e d
and  A 4= 0 .  I f  AB = AC, we c l a im  B = C. L e t
. , n.
A = (x n , x 0 , . . .  ,x „  ) and  l e t  b e B, then , b x . = S c . . x .  f o r  -L d n /  j  j i  1
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J = 1 , 2 , . . . , n ,  w i t h  c . .  e C. D e n o te  by. C' t h e  i d e a l
«J "*■
g e n e r a t e d  b y  c . .  f o r  i , j  = 1 , 2 ,  . . . , n .  T hen  C' i s  
f i n i t e l y  g e n e r a t e d  and  i s  c o n t a i n e d  i n  C , h e n c e  ( C ' ) * c C .  
C o n s id e r  t h e  s y s te m  o f  e q u a t i o n s :
(<=1 1 “ & ii  ^ ) x i  + ( c 2 "" ^12b x^ 2 + * * *+ ( c i n  ” ^ ln b )xn. = ^
i
*
( cn.l -  5n..lb )x l  + ^Cn.2 _ 6n 2 b )x 2 + ' * ,+  ( cnn  " 6n n b )xn. = 0 ’
w h e re  6 . . = 0 f o r  i  ^  D ^ . = 1 f o r  i  = j  . By1 J «J
K ram ers  r u l e  x _jJ d | = | | ^  w h e re  ( d | i s  t h e  c o e f f i c i e n t
d e t e r m i n a n t  and  )D^|  i s  | d | w i t h  t h e  i bb  column, r e p l a c e d
b y  z e r o s .  Thus* s i n c e  | D^ |  = 0 f o r  a l l  i  , we h a v e
^ ^ I d ) = 0 f o r  a l l  i  . Not a l l  t h e  a r e  z e r o  s i n c e
A 4= ( 0 ) *  T h e r e f o r e  | d | = 0 .  In  t h e  e x p a n s i o n  o f  t h i s
d e t e r m i n a n t ,  e v e r y  t e r m  i s  a  p r o d u c t  o f  n  f a c t o r s  o f  t h e
fo rm  (c  „ - 6  flb ) .  T h e r e f o r e  i t  i s  e a s i l y  seen, t h a t  t h e  
v a { 3  a ( 3  '
d e t e r m i n a n t  c a n  b e  w r i t t e n  a s
bn  + a ^ H " , + ct ^b + an = 0 , w i t h  e ( C ' ) i  .
Thus b i s  i n t e g r a l  o v e r  C' and  h e n c e  b e (C1 )* = C , c C .  
T h e r e f o r e  B c  C . S i m i l a r l y  C c  B and  .hence  B = C .
Lemma 2 . 2 7 . I f  e v e r y  f i n i t e l y  g e n e r a t e d  i d e a l  i n  D i s  a  
P r u f e r  i d e a l ,  th en . D i s  a  P r u f e r  domain, ( a n d  c o n v e r s e l y ) .
P r o o f : I f  e v e r y  f i n i t e l y  g e n e r a t e d  i d e a l  in. D i s  a  P r u f e r
i d e a l ,  then , e v e r y  p r i n c i p a l  i d e a l  in, D i s  a  P r u f e r  i d e a l ,
h e n c e  a l s o  an  i n t e g r a l l y  c l o s e d  i d e a l .  T h e r e f o r e  D i s  an  
i n t e g r a l l y  c l o s e d  d o m ain , b y  Theorem  2 .3 *  M o re o v e r ,  s i n c e  
a  P r f t f e r  i d e a l  i s  an  i n t e r s e c t i o n  o f  v a l u a t i o n  i d e a l s , e v e r y  
f i n i t e l y  g e n e r a t e d  i d e a l  i s  an. i n t e r s e c t i o n  o f  v a l u a t i o n ,  
i d e a l s .  I n  an  i n t e g r a l l y  c l o s e d  dom ain  an  i n t e r s e c t i o n  o f  
v a l u a t i o n  i d e a l s  i s  a  c o m p le te  i d e a l i  [ 2 3 ; 3 5 3 ] . T h e r e f o r e  
e v e r y  f i n i t e l y  g e n e r a t e d  i d e a l  o f  D i s  a  c o m p le te  i d e a l .  
Hence A = A* f o r  e v e r y  f i n i t e l y  g e n e r a t e d  i d e a l  o f  D , 
by  Lemma 2 .2 3 .  I t  f o l l o w s  t h a t  D i s  a  P r u f e r  dom ain , b y  
Lemma 2 . 2 4 .  The c o n v e r s e  i s  o b v i o u s .
Remark 2 . 2 8 . I n  E xam ple  3*41 we show t h e  e x i s t e n c e  o f  a 
P r u f e r  i d e a l  (h e n c e  an. i n t e r s e c t i o n  o f  v a l u a t i o n  i d e a l s )  
w h ic h  i s  n o t  a  c o m p le te  i d e a l .
Lemma 2 . 2 9 .  L e t  D b e  an, i n t e g r a l  d o m a in .  I f  (D.}-, . .
----------------------------------------------  1  _L <*. 1  %. JK.
i s  a  f i n i t e  f a m i l y  o f  N o e th e r ia n .  d o m ains  su c h  t h a t
D c D ^ c K ,  f o r  l _ < i < k ,  and  i f  f o r  e a c h  i d e a l  A i n  D t h e r e
e x i s t s  a  D. e [D. ) s u c h  t h a t  A = AD. fl D, then . D i s  a  
J  J- J
N o e th e r ia n .  d o m a in .
P r o o f : L e t  A -^cA gC . . . c: A^ c  • • •  he  cha in , o f
i d e a l s  i n  D , then . A-^D  ^c  . . .  c  A^D^ c  A ^ ^ D ^  c  . . .  , f o r
l < i < k  . S in c e  e a c h  D^ i s  a  N o e th e r ia n .  d o m ain , t h e r e
e x i s t s  n-j^ngj • • • j n ^  su c h  t h a t
= ^ n + l ^ i  f o r  a11  n  ^  n i  •
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L e t  N = max ( 11^ ^ ^ . . . , ^ } .  T hen
^ r P l  = An.+lDi J f o r  811(1 n  > N •
CT
L e t  D. b e  a  dom ain  i n  t h e  f i n i t e  f a m i l y  fDj_3i ^  s u c h
t h a t  A^ = AjjDj H D. T hen  A ^ ^  <= An+ 1D^ Cl D = A^Dj fl D = A^ f o r  
a l l  n > N  an.d h e n c e  D i s  a  N o e t h e r i a n  d o m ain .
T heorem  2 .3 Q » L e t  D b e  an. i n t e g r a l  d o m a in .  I f  f 31 ^ ^
i s  a  f i n i t e  f a m i l y  o f  N o e th e r i a n .  i n t e g r a l l y  c l o s e d  dom ains
s u c h  t h a t  D c D ^ c K ,  and  u f  f o r  e a c h  i d e a l  A o f  D
t h e r e  e x i s t s  a  D . € {D. } su c h  t h a t  A = AD, fl D, t h e n  D i s
J  ^  J
a  N o e t h e r i a n - K r u l l  d o m ain .
P r o o f :  D i s  a  N o e th e r ia n .  dom ain , b y  Lemma 2 .2 9 ,  and  D i s  
a  K r u l l  domain., b y  C o r o l l a r y  2 .1 6 .
L e t  u s  c a l l  a  r i n g  p r o p e r t y  II " a s c e n d i n g "  p r o v i d e d  
t h a t  i f  D h a s  p r o p e r t y  II and  J  i s  a  dom ain  su c h  t h a t
D c j c K ,  then . J  h a s  p r o p e r t y  II . We n o t e  t h a t  II i s  an
a s c e n d i n g  r i n g  p r o p e r t y  i n  t h e  c a s e s  11= v a l u a t i o n ,  P r u f e r ,  
D e d e k in d ,  a lm o s t  D e d e k in d ,  i n  w h ic h  we h a v e  b e e n  a b l e  t o  
p r o v e  t h a t  i f  e v e r y  i d e a l  o f  D i s  a  I I - i d e a l  t h e n  D i s  a
II -d o m a in .  In. t h e  c a s e  11= K r u l l ,  n  i s  " a p p r o x i m a t e ly "
a s c e n d i n g  in. t h e  s e n s e  t h a t  a l l  o v e r r i n g s  w h ic h  a r e  q u o t i e n t
1
r i n g s  w i t h  r e s p e c t  t o  a  m u l t i p l i c a t i v e  s y s te m  a r e  again .
K r u l l  r i n g s  ( s e e  [ 5 ; 3 1 ] , [  1 0 ^ 8 1 6 ] , [ 8 ^ 3 3 3 ] .  T h i s  l e a d s  t o  t h e  
f o l l o w i n g  c o n j e c t u r e :  I f  II i s  an  a s c e n d i n g  r i n g  p r o p e r t y
26
I
s u c h  t h a t  e v e r y  p r o p e r  i d e a l  o f  D i s  a  I I - i d e a l ,  t h e n  
D i s  a  n -d o m a in .  T h i s  c o n j e c t u r e  i s  f a l s e  a s  t h e  f o l l o w i n g  
th e o r e m  and  exam ple  show.
Theorem  2 . 3 1 . I f  L i s  a  B e z o u t  dom ain  ( i . e .  e v e r y  f i n i t e l y  
g e n e r a t e d  i d e a l  i s  p r i n c i p a l )  an d  J  i s  a  domain, s u c h  t h a t  
D c J c K j  t h e n  J  i s  a  B e z o u t  d o m a in .
P r o o f : The p r o o f  i s  b y  i n d u c t i o n .  We g iv e  t h e  p r o o f  f o r
t h e  c a s e  t h a t  a n y  i d e a l  g e n e r a t e d  b y  two e le m e n t s  i s  
p r i n c i p a l .  L e t  ( x , y ) J  be  an. i d e a l  o f  J  g e n e r a t e d  b y  tw o 
e l e m e n t s ,  t h e n  x  = a / c ,  y  = b / c  w i t h  a , b , c  e D. T h a t  i s ,  
( x , y ) J  = ( a / c , b / c ) J .  Hence c ( x , y ) J  = c ( a / c , b / c ) J  =
( a , b ) J  = [ ( a , b ) D ] J  = ( r D ) J  = ( r D ) J  = r J  f o r  some r e D .  
T h e r e f o r e  ( x , y ) J  = ( r / c ) J .
i
C o r o l l a r y  2 . 3 2 . E v e ry  o v e r r i n g  o f  a  p r i n c i p a l  i d e a l  dom ain  
i s  a  p r i n c i p a l  i d e a l  domain. ( P I D ) .
P r o o f :  L e t  D b e  a  PID , t h e n  D i s  c l e a r l y  a  D e d e k in d
dom ain  and  a l s o  a  B e z o u t  d o m a in .  T h e r e f o r e  e v e r y  dom ain  J  
b e tw e e n  D and  K i s  a  B e z o u t - D e d e k in d  d o m ain , b y  Theorem  
2 .3 1  and  [ 5 j 3 1 ] •  I t  f o l l o w s  t h a t  J  i s  a  P ID .
E xam ple  2 . 3 3 » L e t  D b e  a  D e d e k in d  dom ain ' w h ic h  i s  n o t  a  
PID ( e . g .  D t h e  dom ain  o f  a l g e b r a i c  i n t e g e r s  o f  t h e  f i e l d  
R ( /1 ‘5 ) ,  w h e re  R i s  t h e  s e t  o f  r a t i o n a l  n u m b e rs .  D i s  a  
D e d e k in d  dom ain  [2 2 ]  275] and  [ 1 7 ; ^ 9 ] j "but D i s  n o t  a 
PID s i n c e  t h e  i d e a l  A = ( 2 , / I £ )  i s  n o t  p r i n c i p a l  [ 1 7 ^ 3 ] ) .
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Then  e v e r y  p r o p e r  i d e a l  A o f  D i s  a  B e z o u t  i d e a l  ( i n  f a c t
A e &J&) and D i s  n o t  a  B e zo u t  d o m a i n . !
n  e q
P r o o f :  L e t  A = II , w i t h  P. p r im e  in. D , be  a  p r o p e r---------  i _ l  i  i
n.
i d e a l  o f  D . L e t  S = D\U P. and  s e t  J  = Da . Then J  i sl i  ^
a  D ed ek in d  dom ain  s i n c e  D c J c K  [1 9 ;3 1 ] *  and J  h a s  o n ly  
a  f i n i t e  num ber o f  p r im e  i d e a l s  [23; 2 2 7 ] .  Hence J  i s  a 
PID [23; 2 7 8 ] .  H ow ever, AJ fl D .= A.
D e f i n i t i o n  2 . 3 5 » A dom ain  D w i t h  q u o t i e n t  f i e l d  K h a s  t h e  
Q R -p ro p e r ty  p r o v i d e d  e v e r y  dom ain  J  su ch  t h a t  D c J c K  i s  a  
q u o t i e n t  r i n g  o f  D w i t h  r e s p e c t  t o  some m u l t i p l i c a t i v e
s y s te m  in. D ( s e e  [ 1 2 ] ) .
Lemma 2 . 3 6 . The Q R -p ro p e r ty  i s  an  a s c e n d in g  r i n g  p r o p e r t y .  
P r o o f : [ 1 2 ; 9 8 ] .
Exam ple 2 . 3 7 - L e t  K "be an. a l g e b r a i c a l l y  c l o s e d  f i e l d  and
C:X^ -  + X2 + 1 = 0 be  an. e l l i p t i c  c u rv e  d e f i n e d  o v e r  K
i n  t h e  a f f i n e  p l a n e .  L e t  D = be  t h e  c o o r d i n a t e
r i n g  o f  G . T hen  D i s  a  D e d ek in d  dom ain  w h ic h  d o e s  n o t
h a v e  t h e  Q R -p ro p e r ty  [ 1 2 ; 1 0 2 ] .  S in c e  D i s  a  D ed ek in d  
dom ain , e v e r y  i d e a l  i n  D i s  i n  , b y  Theorem  2 .1 8 .
T h e r e f o r e  e v e r y  i d e a l  i n  D i s  a  Q R - id e a l ,  s i n c e  a  PID i s
a  QR dom ain  [ 1 2 ; 99]> b u t  D i s  n o t  a  QR-dom ain.
CHAPTER III
SOME CONTAINMENT RELATIONS BETWEEN CLASSES OP IDEALS
T heorem  3 . 1 • I f  t h e  p r im e  i d e a l s  o f  D a r e  a lm o s t  D e d ek in d
i d e a l s ,  t h e n  £  c  J  i f  and  o n l y  i f  t h e  p r im e  i d e a l s  o f  D a r e
c h a i n e d .
P r o o f : I f  t h e  p r im e  i d e a l s  o f  D a r e  c h a i n e d  t h e n  &c: J
[2 ;  2] and  h e n c e  £  c  j  . C o n v e r s e ly  i f  3  cz J  -, l e t  P =j= Q "be
a r b i t r a r y  p r o p e r  p r im e  i d e a l s  o f  D . L e t  J  and  J 1 be
a lm o s t  D e d ek in d  dom ains  c o n t a i n i n g  D and  c o n t a i n e d  i n  K
su c h  t h a t  P = P J  fl D and  Q = Q J1 HD . L e t  M = D \P , t h e n
PD^ = PJm n D m, b y  Lemma 1 . 1 1 ;  and  in. a  s i m i l a r  m anner
QPN = Q j'f i  D^ , w h e re  N = D\Q. Now PDM i s  t h e  u n iq u e
m ax im a l i d e a l  i n  D.,, so  t h e r e  e x i s t s  a  m ax im al i d e a l  R o fM
J M s u c h  t h a t  P J , . c R  and  RHD,. = PD„. T h e r e f o r e  M M M M
Rf l D = (R fl D^) n D = PD ^flD  = P . S i m i l a r l y  t h e r e  e x i s t s  a
m ax im al i d e a l  S in. s u c h  t h a t  Q J ^ c S  and  S O D  = Q.
S in c e  t h e  d o m ain s  J . ,  an.d J 1 c o n t a i n  J  and  J 1,M N
r e s p e c t i v e l y ,  t h e y  a r e  a lm o s t  D e d ek in d  d o m a in s .  T h e r e f o r e
( j m.)-r and  ( J ’ ) c a r e  r a n k  one  d i s c r e t e  v a l u a t i o n  r i n g s  n  ja N S
and  u n iq u e  s i n c e  P =}= Q . I f  e i t h e r  ( J M) _ c  ( J 1 ) o r11 N S
c  t h e  th e o r e m  w o u ld  be  p r o v e d  s i n c e  then . Q c P
o r  P c Q .  L e t  T  = fl ( J 1) t h e n  T i s  a  D e d ek in d^  M > R '  n  'S .
dom ain  [ 2 ; 4 ] ,  T h e r e f o r e  ( R f lT )  fl D = P , (S H T) fl D = Q, an.d
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[ (R Cl T) D ( S f l T ) ]  flD = P D Q  a r e  D e d e k in d  i d e a l s . S in c e  
& c. a?, P f l Q e ^  and  h e n c e  / P H Q ,  =  P f l  Q  i s  p r i m e .  T h e r e f o r e  
P c  Q  o r  Q  c  P .
N o t e . P r im e  i d e a l s  a r e  n o t  n e c e s s a r i l y  a lm o s t  D e d e k in d  i d e a l s ,  
e . g .  t h e  m ax im al i d e a l  o f  a r a n k  one n o n - d i s c r e t e  v a l u a t i o n  
r i n g . —
Theorem  3 . 2 . I f  B  = J  i n  D t h e n  D i s  a v a l u a t i o n  r i n g .
P r o o f : The p r im e  i d e a l s  o f  D a r e  D e d e k in d  i d e a l s  s i n c e
J  c  £  . Then £  a J  i m p l i e s  p r im e  i d e a l s  o f  D a r e  c h a i n e d ,  
by  T heorem  3 - 1 -  T h e r e f o r e ,  e v e r y  i d e a l  o f  D h a s  p r im e  
r a d i c a l ,  in. p a r t i c u l a r  0  c  J  . Now 8  = J  i m p l i e s  J  c  0 , 
h e n c e  0  =  J  . T h e r e f o r e  D i s  a v a l u a t i o n  r i n g  [ 2 ; 3 l *
Remark 3*3» The c o n v e r s e  i s  f a l s e ,  f o r  t h e  m ax im al i d e a l  o f  
a  r a n k  one n o n  d i s c r e t e  v a l u a t i o n ,  r i n g  i s  n o t  a D e d ek in d  !
i d e a l .
T heorem  3 . A dom ain  D i s  a lm o s t  D e d e k in d  i f  and  o n l y  i f
H a d  and  p r o p e r  p r im e  i d e a l s  o f  D a r e  m a x im a l .
i
P r o o f : S u pp ose  J1 c  Q and  p r o p e r  p r im e  i d e a l s  o f  D a r e
m a x im a l .  L e t  P b e  an  a r b i t r a r y  p r o p e r  p r im e  i d e a l  o f  D 
and  fo rm  t h e  q u o t i e n t  r i n g  Dp. Then. PDp i s  t h e  o n l y  
p r o p e r  p r im e  o f  Dp s i n c e  t h e  p r o p e r  p r im e  i d e a l s  o f  D a r e  
m a x im a l .  F u r t h e r m o r e ,  i f  Q i s  any  P p r i m a r y  i d e a l  i n  
D , t h e n  QPp i s  PDp p r i m a r y  i n  Dp . I f  R i s  an a lm o s t
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D e d e k in d  dom ain  s u c h  t h a t  D c R c K  and  Q = QR fl D, t h e n ,  
b y  Lemma 1 . 1 1 ,  QDp = QRg H Dp w i t h  S = D \P .  T h e r e f o r e  
QDp i s  an. a lm o s t  D e d e k in d  i d e a l .  H ence Dp i s  an. a lm o s t  
D e d ek in d  d o m a in ,  b y  T heorem  2 . 1 .  I t  f o l l o w s  t h a t  
Dp = (Dp)pD -^s a  De<iek in .d  d o m a in .  T h e r e f o r e  D i s  an, 
a lm o s t  D e d e k in d  d o m a in .  C o n v e r s e l y ,  i f  D i s  an. a lm o s t  
D e d ek in d  d o m ain , t h e n  p r o p e r  p r im e  i d e a l s  o f  D a r e  m a x im a l .  
M o re o v e r  J£c  d  s i n c e  e v e r y  i d e a l  o f  D i s  an. a lm o s t  
D e d ek in d  i d e a l .
Theorem  3«5 • D , i s  an. a lm o s t  D e d e k in d  domain, i f  and  o n l y  i f  
a  c  X and  p r o p e r  p r im e  i d e a l s  o f  D a r e  m a x im a l .
P r o o f ; S u p p o se  £<= K and  p r o p e r  p r im e  i d e a l s  o f  D a r e  
m a x im a l .  L e t  P b e  a  p r o p e r  p r im e  i d e a l  o f  D an d  fo rm  
t h e  q u o t i e n t  r i n g  Dp . T hen PDp i s  t h e  o n l y  p r o p e r  p r im e  
i d e a l  o f  Dp . T h e r e f o r e  e v e r y  i d e a l  i n  Dp i s  a  p r i m a r y  
i d e a l  (h a s  m ax im al r a d i c a l ) ,  h e n c e ,  b y  Lemma 1 . 1 4 ,  e v e r y  
i d e a l  i n  Dp i s  a  K r u l l  i d e a l .  T h e r e f o r e  Dp i s  a  K r u l l  
domain, b y  T heorem  2 . I 5 . B ut a  one  d i m e n s i o n a l  K r u l l  dom ain  
i s  a  D e d e k in d  dom ain  [ 2 3 ; 8 4 ] ,  H ence Dp i s  a  D e d e k in d  
dom ain  and. D i s  .an. a lm o s t  D e d e k in d  domain.. C o n v e r s e l y ,  
i f  D i s  an. a lm o s t  D e d ek in d  d o m a in ,  then , p r o p e r  p r im e  i d e a l s  
o f  D a r e  m a x im a l .  L e t  Q b e  a n y  p r i m a r y  i d e a l  o f  D an d  
l e t  P = /Q ~  . Then. Dp i s  a  D e d e k in d  d o m a in ,  h e n c e  a l s o  
a  K r u l l  d o m a in .  T h e r e f o r e  Q = QD^fl D i s  a  K r u l l  i d e a l  andJr
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c  X •
Lemma 3 . 6 . L e t  v.^ , l < i < n  , b e  v a l u a t i o n s  o f  a  f i e l d  K
and l e t  b e  t h e  v a l u a t i o n ,  r i n g  o f  t h e j  v a l u a t i o n ,  v ^ ,
n.
t h e n  D = f ! 7 .  i s  a  B e z o u t  d o m a in .
1 1
P r o o f :  We w i l l  a ssum e V.  cj: V.. f o r  i  4= J • L e i  A b e  a
f i n i t e l y  g e n e r a t e d  i d e a l  o f  D , t h e n  {vi ( x ) | x e A }  h a s  a
l e a s t  e le m e n t  in. t h e  v a l u e  g ro u p  o f  v ^ . L e t  x^  be
an. e le m e n t  in. A su c h  t h a t  v j_(x ji_) = Then, b y  t h e
a p p ro x im a t io n ,  th e o re m  [ 2 3 ;4 7 ] *  t h e r e  e x i s t  e l e m e n t s  a^  e D 
su c h  t h a t  x  = S a^x^ e A s a t i s f i e s  t h e  c o n d i t i o n s  v ^ ( x ) = a i
f o r  l < i < n .  Then, i f  y  e A, we h a v e  v ^ ( y )  > v ^ ( x ) ,  h e n c e
ny / x  e f o r  l < i < n .  T h a t  i s ,  y / x  e D = C|1 . T h e r e f o r e
y e xD and  h e n c e  A = xD.
T heorem  3 « 7 « I f  an i d e a l  A o f  a  domain. D i s  a  f i n i t e  i n t e r ­
s e c t i o n  o f  v a l u a t i o n ,  i d e a l s ,  th en . A i s  a  P r u f e r  i d e a l j  in. 
f a c t ,  A i s  a  B e z o u t  i d e a l .
n.
P r o o f :  L e t  A = fl A. be  an. i d e a l  o f  D s u c h  t h a t  A. i s—   ±  l  x
a  v a l u a t i o n ,  i d e a l  o f  D f o r  l < i < n .  Then, t h e r e  e x i s t
v a l u a t i o n ,  r i n g s  s u c h  t h a t  D c D ^ c K  and  A ^ A ^ f l D .
n.
I f  J  = , t h e n  J  i s  a  B e z o u t  d o m ain , b y  Lemma 3 - o .
M o re o v e r  D c J c K .  I t  i s  c l e a r  t h a t  A c A J f l D c A . j n Dl
c  A. D . fl D = A . , f o r  1 < i  < n  . Thus A c A J f l D c H  A. = A .X X X  X
T h e r e f o r e  A = AJ D D an d  A i s  a  B e z o u t  i d e a l ,  h e n c e  a l s o
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a  P r u f e r  i d e a l .
N o t e . E xam ple  3*^0  w i l l  show t h e  e x i s t e n c e  o f  an. i d e a l
)
w h ic h  i s  an. i n t e r s e c t i o n  o f  v a l u a t i o n ,  i d e a l s ,  b u t  w h ic h  i s  
n o t  a  P r u f e r  i d e a l .  We a l r e a d y  know t h a t  e v e r y  P r u f e r  i d e a l  
i s  an. i n t e r s e c t i o n ,  o f  v a l u a t i o n ,  i d e a l s ,  b u t  we h a v e  been, 
u n a b l e  t o  d e t e r m i n e  a  n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n  
t h a t  j rir=
T heorem  3 . 8 . I f '  e v e r y  p r o p e r  p r im e  i d e a l  o f  D i s  a  m ax im al
i d e a l  and  i f  j2. c  g>, th en . D i s  a  P r u f e r  d o m a in .
P r o o f : L e t  P be  a  p r o p e r  p r im e  i d e a l  o f  D and  f o r  t h e
q u o t i e n t  r i n g  Dp. T hen  PDp i s  t h e  o n l y  p r o p e r  p r im e  i d e a l  
in. Dp. M o re o v e r  i f  Q i s  a n y  P p r i m a r y  i d e a l  in. D , then . 
QJDp i s  PDp p r i m a r y  i n  Dp . Now i f  J  i s  a  P r u f e r  domain, 
su c h  t h a t  D c J c K  and  Q = QJ 0 D, then , b y  Lemma 1 .1 3 *
QDp i s  a  P r u f e r  i d e a l  in. Dp . T h e r e f o r e  e v e r y  i d e a l  i n  
Dp i s  a  P r u f e r  i d e a l  and  Dp i s  a  P r u f e r  d o m a in .  T h e r e f o r e  
Dp = (Dp)p£) i s  3, v a l u a t i o n ,  r i n g  an.d D i s  a  P r u f e r  d o m a in .
T heorem  3 . 9 - I f  e v e r y  p r o p e r  p r im e  i d e a l  o f  D i s  a  m ax im al
i d e a l  and  i f  a c .  jftr , th en . D i s  a  P r u f e r  d o m ain .
P r o o f : L e t  A b e  a  p r o p e r  i d e a l  o f  D. T hen  s i n c e  D i s  
one d i m e n s i o n a l ,  A = fl (ADp fl D ) , w i t h  t h e  i n t e r s e c t i o n  t a k e n  
o v e r  a l l  m in im a l  p r im e s  P c o n t a i n i n g  A. P i s  a  m in im a l  
p r im e  i m p l i e s  ADp i s  PDp p r i m a r y .  H ence A i s  an.
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i n t e r s e c t i o n ,  o f  p r i m a r y  i d e a l s .  But., s i n c e  i c j Vr , we 
h a v e  A i s  an. i n t e r s e c t i o n  o f  v a l u a t i o n ,  i d e a l s .  T h e r e f o r e
D i s  a  P r t i f e r  domain. [ 1 1 ^ 2 3 8 ] .
T heorem  3 «10 ■ Jflr<=-ZL i n  D i f  a n d  o n l y  i f  t h e r e  e x i s t s
o n l y  one p r o p e r  p r im e  i d e a l  i n  D.
P r o o f : I f  t h e r e  e x i s t s  o n l y  one p r o p e r ,  p r im e  i d e a l  in. D ,
t h e n  e v e r y  i d e a l  i s  p r i m a r y ,  h e n c e  M  c  £  . C o n v e r s e l y ,  i f  
Jflr c  Ji, then . 9  c i  and  h e n c e  t h e r e  i s  o n l y  one p r o p e r  p r im e  
i n  D [ 2 ;  2] .
Theorem  3 « H « -2. = Jftr i n  a  domain. D i f  and  o n l y  i f  D i s
a  r a n k  one  v a l u a t i o n ,  r i n g .
P r o o f : I f  JR r -H  , then . JV  CSL and  h e n c e  t h e r e  i s  o n l y  one 
p r o p e r  p r im e  i d e a l  in. D, b y  T heorem  3 * 1 0 .  T h e r e f o r e ,  b y  
Theorem  3-9^  D i s  a  P r u f e r  d o m a in .  H ence D = D^, w h e re  
M i s  t h e  u n iq u e  p r o p e r  p r im e  o f  D , i s  a  r a n k  one  v a l u a t i o n ,  
r i n g .  C o n v e r s e l y ,  i f  D i s  a  r a n k  one v a l u a t i o n ,  r i n g ,  then. 
I c l r  c  . M o re o v e r ,  s i n c e  t h e r e  i s  o n l y  one p r o p e r  p r im e
i d e a l  i n  D , e v e r y  i d e a l  in. D i s  p r i m a r y .  T h e r e f o r e  
M  = i  . .
T heorem  3 « 1 2 . Jflr c  J  in. a  dom ain  D i f  and  o n l y  i f  t h e  
p r im e  i d e a l s  o f  D a r e  c h a i n e d .
P r o o f ; I f  JRr c  J  , then . 9  c  j  an d  t h e  p r im e  i d e a l s  o f  D
a r e  c h a in e d  [ 2 ; 2 ] .  C o n v e r s e ly ,  i f  t h e  p r im e  i d e a l s  o f  D 
a r e  c h a i n e d ,  e v e r y  i d e a l  o f  D h a s  a  p r im e  r a d i c a l ,  h e n c e  
Jflr c  j .
Theorem  3 » 1 3 » = J  in. a  domain. D i f  and  o n ly  i f  D i s
a  v a lu a t i o n ,  r i n g .
P r o o f : I f  Jflr = J  , t h e n  t h e  p r im e  ' i d e a l s  o f  D a r e  c h a i n e d ,
b y  Theorem  3 - 1 2 .  Hence e v e r y  i d e a l  o f  D h a s  p r im e  r a d i c a l
and  i s  t h e r e f o r e  an. i n t e r s e c t i o n  o f  v a l u a t i o n  i d e a l s .  Then 
D i s  a  P r u f e r  domain. [ 1 1 ; 2 3 8 ] ,  F u r th e r m o r e ,  s i n c e  t h e  
p r im e  i d e a l s  o f  D a r e  c h a i n e d ,  D h a s  o n l y  one  m axim al 
i d e a l  M. T hen D = D^ i s  a  v a l u a t i o n  r i n g .  The c o n v e r s e  
i s  o b v i o u s ,
Theorem  3 .1 ^ - . 3  = J  in. a  domain. D i f  and  o n l y  i f  
3  = a  = J  = $  =1f  .
P r o o f : I f  3  = J  , then , e v e r y  p r im e  i d e a l  P o f  D i s  a
D e d ek in d  i d e a l ,  h e n c e  a l s o  an. a lm o s t  D ed ek in d  i d e a l .  S in c e
3 c .  J  , p r im e  i d e a l s  o f  D a r e  c h a i n e d ,  b y  Theorem  3*1* ~ 
T h e r e f o r e  9  c  J  [2;  2 ] .  I t  f o l l o w s  t h a t  9  c 3  , and s i n c e  
3  c  a  c  £>, we h a v e  3  = d  = J  = 9>. Now d  = J  i m p l i e s  
d  = J  = @ = Y  [ 6 j l 3 ] .  T h e r e f o r e  3  = d  = <J> = 9 = 1 /  . The 
c o n v e r s e  i s  o b v i o u s .
Theorem  3 » 1 5 « I f  Jflf 9 9  in. D, t h e n  D i s  c o n t a i n e d  in. 
o n l y  one v a lu a t i o n ,  r i n g ,  i t  b e in g  P - a d i c  f o r  some p r im e  P i
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o f  D.
1
P r o o f :  I f  . Jflrc0@,  th en . 0 c 0 @  and  h e n c e  D i s  c o n t a i n e d
i n  o n l y  one  v a l u a t i o n  r i n g ,  i t  b e i n g  P - a d i c  f o r  some p r im e  
P o f  D [ 2 ; 4 ]  .
T heorem  3 . 1 6 . A n e c e s s a r y  a n d  s u f f i c i e n t  c o n d i t i o n  t h a t  D 
be  a  d i s c r e t e  r a n k  one  v a l u a t i o n ,  r i n g  i s  t h a t  D be  
i n t e g r a l l y  c l o s e d  and  J 2 r c 0 0  .
P r o o f : I f  D i s  i n t e g r a l l y  c l o s e d  and  JRrc@&, then . 0C&&
\
a n d  h e n c e  D i s  a  r a n k  one d i s c r e t e  v a l u a t i o n ,  r i n g  [ 2 ; 4 ] ,  
C o n v e r s e l y ,  i f  D i s  a  r a n k  one d i s c r e t e  v a l u a t i o n  r i n g ,  
t h e n  D i s  c l e a r l y  i n t e g r a l l y  c l o s e d  and  Jfirc&Q.
T heorem  3 * 1 7 - D i s  a  r a n k  one  d i s c r e t e  v a l u a t i o n  r i n g  
i f  a n d  o n ly  i f  £  = 2. and  p r o p e r  p r im e  i d e a l s  o f  D a r e  
m a x im a l .
P r o o f : I f  D i s  a  r a n k  one d i s c r e t e  v a l u a t i o n  r i n g ,  t h e n
D h a s  o n ly  one  p r o p e r  p r im e  i d e a l ,  h e n c e  e v e r y  i d e a l  o f  D 
i s  p r i m a r y ,  t h u s  = 2.- M o re o v e r ,  s i n c e  t h e r e  i s  o n l y  one 
p r o p e r  p r im e  i d e a l  in. D , p r o p e r  p r im e  i d e a l s  o f  D a r e  
m a x im a l .  C o n v e r s e ly ,  i f  & = 2., then , p r im e  i d e a l s  o f  D 
a r e  D e d e k in d . i d e a l s  (h e n c e  a l s o  a lm o s t  D e d e k in d  i d e a l s )  and
i
s i n c e  2 . C J ,  we h a v e  & c j .  T h e r e f o r e  b y  Theorem  2 .1  t h e  
p r im e  i d e a l s  o f  D a r e  c h a i n e d .  F u r t h e r m o r e ,  s i n c e  p r o p e r  
p r im e  i d e a l s  o f  D a r e  m ax im a l,  t h e r e  i s  o n l y  one p r o p e r
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p r im e  i d e a l  i n  D. Hence e v e r y  i d e a l  i n  D i s  p r i m a r y  and  
i s  t h e r e f o r e  a  D ed ek ind  i d e a l .  I t  f o l l o w s  t h a t  D i s  a  
D ed ek in d  dom ain  [ 2 ; 4 ] .  T h e r e f o r e  D. i s . a  r a n k  one d i s c r e t e  
v a lu a t i o n ,  r i n g .
T heorem  3 « l 8 . D i s  a  r a n k  one d i s c r e t e  v a lu a t i o n ,  r i n g  i f  
and  o n ly  i f  Q =...£ and p r o p e r  p r im e  i d e a l s  o f  D a r e  m ax im a l.
P r o o f : I f  D i s  a  r a n k  one d i s c r e t e  v a l u a t i o n ,  r i n g ,  then .
D h a s  o n ly  one p r o p e r  p r im e  i d e a l ,  h e n c e  e v e r y  i d e a l  in. D 
i s  p r im a ry ,  and  (2 c  2.- M o re o v e r ,  s i n c e  e v e r y  i d e a l  i n  D i s  
a  D e d ek in d  i d e a l ,  h e n c e  a l s o  an. a lm o s t  D ed ek in d  i d e a l , '  i t  
f o l l o w s  t h a t  i  c  ( 7 .  T h e r e f o r e  2  = n. C o n v e r s e ly ,  i f  
< 2 = 2 . ,  then , e a c h  p r o p e r  p r im e  i d e a l  o f  D i s  an. a lm o s t
D edek ind  i d e a l  and  s i n c e  2. c  V ,  we h a v e  2  c  J, T h e r e f o r e
p r im e  i d e a l s  o f  D a r e  c h a in e d  [ 2 j 3 ] .  F u r th e r m o r e ,  s i n c e  
p r o p e r  p r im e  i d e a l s  o f  D a r e  m ax im a l ,  t h e r e  i s  o n ly  one 
p r o p e r  p r im e  i d e a l  in. D. Hence e v e r y  i d e a l  i n  D i s  
p r i m a r y  and  i s  t h e r e f o r e  an. a lm o s t  D e d ek in d  i d e a l .  I t  f o l l o w s  
t h a t  D i s  an a lm o s t  D ed ek in d  d om ain , b y  Theorem  2 . 1 .  E v e ry  
i d e a l  w i t h  a  p r im e  . . r a d i c a l  i s  a  p r im e  po w er [ 4 ; 2 6 8 ] , 1 h e n c e  
e v e r y  i d e a l  in. D i s  a  p r im e  p o w e r .  T h e r e f o r e  D i s  a  
D ed ek in d  domain. ..and h e n c e  i s  a  r a n k  one d i s c r e t e  v a l u a t i o n  
r i n g .
Theorem  3 « 1 9 - D i s  a  D ed ek in d  ’domain, i f  an.d o n l y  i f
and D i s  N o e th e r ia n . .
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P r o o f ; S uppo se  and  D i s  N o e th e r i a n . .  I f  A i s
any  i d e a l  in. D, then . A i s  an. i n t e r s e c t i o n ,  o f  p r i m a r y  i d e a l s ,  
h e n c e  a l s o  an. i n t e r s e c t i o n ,  o f  v a lu a t i o n ,  i d e a l s .  T h e r e f o r e  
D i s  a  P r u f e r  .domain. [ 1 1 ; 2 3 8 ] .  F u r th e r m o r e  a  N o e th e r ia n .  
P r u f e r  domain, i s  c l e a r l y  a  D e d e k in d  d o m a in .  The c o n v e r s e  i s  
o b v i o u s .
Lemma_3j_20. I f  D c D ' c K  and  D* I s  i n t e g r a l l y  c l o s e d  i n
K, then . D c D c D 1 c K .
P r o o f ; C l e a r .
Theorem  3 » 2 1 . JRf <= J  i n  a  domain. D.
P r o o f ; Suppose  A = fi (Av fl D) , w h e re  Ay i s  an. i d e a l  i n  a
v a l u a t i o n  r i n g  Dv c o n t a i n i n g  D and  c o n t a i n e d  in. K. Then.
D, t h e  i n t e g r a l  c l o s u r e  o f  D in. K , i s  a n  i n t e g r a l l y  c l o s e d
dom ain  c o n t a i n i n g  D and  c o n t a i n e d  in. Dv , b y  Lemma 3 * 2 0 .
L e t  A1 = A f l D ,  then . A = 0 A1 i s  an. i d e a l  in. D. F u r t h e r -v  v v v
m o re ,  AOD = (fl A' ) fl D = [fl(A,r n D ) ]  fl D = n (A „ f lD )  = A. T h e r e ­by v '  LVv v  / J  V V
f o r e  A i s  an. i n t e g r a l l y  c l o s e d  i d e a l .
Theorem  3 . 2 2 . J c l  in. D i f  an.d o n l y  i f  t h e r e  e x i s t s  o n ly  
one p r o p e r  p r im e  i d e a l  in. D .
P r o o f : I f  t h e r e  e x i s t s  on ly , one p r o p e r  p r im e  i d e a l  in. D,
t h e n  e v e r y  i d e a l  in. D i s  p r i m a r y ,  h e n c e  j c i .  C o n v e r s e ly ,  
i f  J c i ,  then. &c.£, and  h e n c e  t h e r e  e x i s t s  o n l y  one p r o p e r  
p r im e  i d e a l  i n  D [ 2 ; 2 ] .
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T heorem  3 . 2 3 .. i n  D i f  an.d o n l y  i f  t h e  p r im e  i d e a l s
o f  D a r e  c h a i n e d .
P r o o f : I f  JJC V  , then . hen.ce t h e  p r im e  i d e a l s  o f  D
a r e  c h a i n e d  [ 2 ; 2 ] .  C o n v e r s e l y ,  i f  t h e  p r im e  i d e a l s  o f  D 
a r e  c h a i n e d ,  then , e v e r y  i d e a l  in. D h a s  p r im e  r a d i c a l  and  
J C L J .
T heorem  3 . 2 4 . I f  D i s  a  r a n k  one  v a l u a t i o n ,  r i n g ,  then .
J  = 2 .
P r o o f : I f  D i s  .a r a n k  one  v a l u a t i o n ,  r i n g ,  then , e v e r y  i d e a l
in. D i s .  p r i m a r y  an.d J> c: M o re o v e r ,  s i n c e  a  r a n k  one
l
v a l u a t i o n ,  r i n g  i s  i n t e g r a l l y  c l o s e d ,  e v e r y  i d e a l  in. D i s  
i n  J .  T h e r e f o r e  J  =
[
Lemma 3 • 2 5 . An. i d e a l  A o f  D i s  in. J  i f  and  o n l y  i f  A 
i s  t h e  c o n t r a c t i o n  o f  an  i d e a l  o f  B , t h e  i n t e g r a l  c l o s u r e  
o f  D i n  K.
P r o o f : I f  A i s  an. i d e a l  o f  D i n  J?, t h e n  t h e r e  e x i s t s  
an. i n t e g r a l l y  c l o s e d  domain. D' c o n t a i n i n g  D an d  c o n t a i n e d  
in. K  su c h  t h a t  A = AD' H D . F u r t h e r m o r e  D c D c D ' c K  , by  
Lemma 3 . 2 0 ,  h e n c e  AD1 flB i s  an. i d e a l  o f  B . T h e r e f o r e  
(AD1 H B) fl D = AD' D = A, h e n c e  A i s  t h e  c o n t r a c t i o n  o f  an. 
i d e a l  o f  B. The c o n v e r s e  i s  o b v i o u s .
Theorem  3 ■ 2 6 . E v e ry  p r i n c i p a l  i n t e g r a l l y  c l o s e d  i d e a l  o f  D 
i s  an. i n t e r s e c t i o n  o f  v a l u a t i o n ,  i d e a l s .
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P r o o f : I f  xD i s  an. i n t e g r a l l y  c l o s e d  i d e a l  o f  D , t h e n
xp  = xD fl D, by  Lemma 3 * 2 5 .  M o re o v e r ,  i f  % i s  t h e  s e t  o f
n o n - t r i v i a l  . v a l u a t i o n s  o f  K which, a r e  n o n - n e g a t i v e  on. D ,
t h e n  D = ("ID,. , w h e re  Dt„ i s  t h e  v a l u a t i o n ,  r i n g  o f  t h evefl? v  v
v a l u a t i o n ,  v  [2 3 ] 1 5 ] *  T h e r e f o r e  xD = xE> fl D = x (  ( I D  ) fl D*• veffl v
= ( H xDTr) fl D = rv (xD „n  D ) ,  h e n c e  xD i s  an. i n t e r s e c t i o n  o f  Weffl v vefrp v '
v a l u a t i o n ,  i d e a l s ,  b y  Lemma 1 . 1 6 .
Lemma 3 • 2 7 . L e t  M be  a  m u l t i p l i c a t i v e  s y s te m  in. D , t h e n
(B )M i s  an. i n t e g r a l l y  c l o s e d  domain, and  (B)M = (DmJ .
P r o o f : S in c e  (S)]^ i n t e g r a l l y  c l o s e d  [2 2 ] 2 6 l ] , i t  f o l l o w s
t h a t  (B )„  = ( f £ ] .
T heorem  3 . 2 8 . I f  i  c  J  i n  D an d  p r o p e r  p r im e  i d e a l s  o f  
D a r e  m a x im a l ,  t h e n  D i s  an  i n t e g r a l l y  c l o s e d  d o m a in .
P r q o f : S u p p ose  X  c  J  in. a  dom ain  D an d  p r o p e r  p r im e  i d e a l s  
o f  D a r e  m a x im a l .  L e t  P b e  .an. a r b i t r a r y  p r o p e r  p r im e  
i d e a l  o f  D and  fo rm  t h e  q u o t i e n t  r i n g  Dp. Then. PDp i s  
t h e  o n ly  p r o p e r  p r im e  i d e a l  o f  Dp. F u r t h e r m o r e ,  i f  Q i s  
a n y  P p r i m a r y  i d e a l  o f  D, then . QDp i s  PDp p r i m a r y  i n
Dp . L e t  B d e n o te  t h e  i n t e g r a l  c l o s u r e  o f  D in. K . Then.
(
Q = QD fl D, b y  Lemma 3 . 2 5 ,  (B )p = (D p), b y  Lemma 3 -27*  and
QDp = Q(B)p n D p = Q(Dp) fl Dp, b y  Lemma 1 . 1 1 .  T h e r e f o r e  QDp
i s  an. i n t e g r a l l y  c l o s e d  i d e a l .  T hus e v e r y  i d e a l  o f  Dp i s  
an  i n t e g r a l l y  c l o s e d  i d e a l .  I t  f o l l o w s  t h a t  Dp i s  an.
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i n t e g r a l l y  c l o s e d  dom ain  b y  Theorem  2 .3 *  T h e r e f o r e  D i s  
i n t e g r a l l y  c l o s e d ,  s i n c e  D ■
Theorem  3 . 2 9 . SL = J  i n  D i f  and  o n l y  i f  D i s  an. i n t e g r a l l y
c l o s e d  domain, w i t h  o n ly  one p r o p e r  p r im e  i d e a l .
P r o o f :  I f  a  = J4 then . JC-H  so  t h a t  t h e r e  e x i s t s  o n l y  one
p r o p e r  p r im e  i d e a l  in. D, b y  Theorem  3 * 2 2 .  H ence e v e r y  i d e a l  
o f  D i s  a  p r i m a r y  i d e a l  .and t h e r e f o r e  a l s o  an. i n t e g r a l l y  
c l o s e d  i d e a l .  I t  f o l l o w s  t h a t  D i s  an. i n t e g r a l l y  c l o s e d  
dom ain , b y  Theorem  2 .3*  C o n v e r s e ly ,  i f  D i s  an, i n t e g r a l l y  
c l o s e d  dom ain  an d  h a s  o n l y  one p r o p e r  p r im e  i d e a l ,  then .
..2.C.J s i n c e  e v e r y  i d e a l  o f  D i s  in. J .  M o re o v e r ,  s i n c e  
t h e r e  i s  o n ly  one  p r o p e r  p r im e  i d e a l  in. D, e v e r y  i d e a l  in. D 
i s  p r i m a r y .  T h e r e f o r e  J? c .2. and  h e n c e  J  = JL.
Theorem  3 » 3 0 * ^  = J  i n  D i f  an d  o n l y  i f  D i s  i n t e g r a l l y
c lo s e d  an d  t h e  p r im e  i d e a l s  o f  D a r e  c h a i n e d .
P r o o f ; I f  J  = in. D , t h e n  j c V  and  t h e  p r im e  I d e a l s  o f
D a r e  c h a i n e d ,  b y  Theorem  3 * 2 3 . T h e r e f o r e  e v e r y  i d e a l  i n  
D . .has  p r im e  r a d i c a l  and  h e n c e  i s  in. J  . I t  f o l l o w s  t h a t  
D i s  i n t e g r a l l y  c l o s e d ,  b y  Theorem  2 .3 -  C o n v e r s e ly ,  i f  D 
i s  i n t e g r a l l y  c l o s e d  an d  i f  t h e  p r im e  i d e a l s  o f  D a r e
c h a i n e d ,  t h e n  e v e r y  i d e a l  in. D h a s  p r im e  r a d i c a l ,  h e n c e
j C p ? .  B u t J C . J , s i n c e  e v e r y  i d e a l  i n  D i s  an. i n t e g r a l l y  
c l o s e d  i d e a l .  T h e r e f o r e  J  = J .
k l
Theorem  3 « 3 1 » I f  D i s  N o e th e r ia n .  a n d  ... X = .J ,  t h e n  D i s  
a  r a n k  one  d i s c r e t e  v a l u a t i o n  r i n g  an d  c o n v e r s e l y .
P r o o f : I f  X  = J  i n  a  domain. D, t h e n  D i s  an. i n t e g r a l l y
c lo s e d  domain, w i th  o n l y  one p r o p e r  p r im e  i d e a l ,  b y  Theorem
3 . 2 9 .  T h e r e f o r e  p r o p e r  p r im e  i d e a l s  o f  D a r e  m ax im al and
1
D i s  a  D e d e k in d  domain, w i t h  o n l y  one p r o p e r  p r i m e ,  i . e .  a  
r a n k  one d i s c r e t e  v a l u a t i o n  r i n g .  C o n v e r s e l y ,  i f  D i s  a
r a n k  one d i s c r e t e  v a l u a t i o n ,  r i n g ,  t h e n  D i s  i n t e g r a l l y
c l o s e d  an d  h a s  o n ly  one  p r o p e r  p r im e  i d e a l .  Thus X  -  J ,  
b y  Theorem  3 . 2 9 .  F u r t h e r m o r e  a  r a n k  one  d i s c r e t e  v a l u a t i o n  
r i n g  i s  N o e t h e r i a n .
Theorem  3 . 3 2 . I f  i c J  in. D and  i f  e v e r y  p r i n c i p a l  i d e a l  
i s  e q u a l  t o  i t s  k e r n e l ,  t h e n  D i s  i n t e g r a l l y  c l o s e d .
P r o o f : S u p p o s e  X  <= J  and xD i s  a  p r i n c i p a l  i d e a l  in.
D . Then f o r  P a  m in im a l  p r im e  o f  D c o n t a i n i n g  xD,
xDp i s  PDp p r i m a r y  in. Dp. Hence xDp fl D i s  a  p r i m a r y
i d e a l  i n  D . T h e r e f o r e  xDp fl D = (x D p f lD )B n D  (w h ere  B 
i s  t h e  i n t e g r a l  c l o s u r e  o f  D in. K ) , b y  Lemma 3 .2 5 *  T h e r e ­
f o r e  xD = n ( xDp n D )  = n ( [  (xDp n d )D]  r i D )  = [ n ( xDp n d ) B]  n d , 
w h ere  t h e  i n t e r s e c t i o n  i s  ta k e n ,  o v e r  a l l  m in im a l  p r i m e s  o f  
D c o n t a i n i n g  xD, T hus xD i s  t h e  c o n t r a c t i o n  o f  an. i d e a l  
o f  B , i . e .  xD i s  an. i n t e g r a l l y  c l o s e d  i d e a l .  I t  f o l l o w s  
t h a t  D i s  an. i n t e g r a l l y  c l o s e d  d o m a in ,  b y  T heorem  2 .3 *
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T h eorem  3 * 3 3 * I f  i c j  i n  D an.d i f  e v e r y  p r i n c i p a l  i d e a l  
o f  D i s  an. i n t e r s e c t i o n  o f  p r i m a r y  i d e a l s ,  t h e n  D i s  an. 
i n t e g r a l l y  c l o s e d  d o m a in .
P r o o f :  I f  xD i s  a  p r i n c i p a l  i d e a l  in. D , t h e n  xD = H Q ,oc
w h e re  e a c h  Q i s  a  p r i m a r y  i d e a l  i n - D .  H ence Q = Q B 0 D,
C l  OC (X
w h e re  D i s  t h e  i n t e g r a l  c l o s u r e  o f  D in. K , b y  Lemma 3 * 2 5 .
T h e r e f o r e  xD = HQ = n ( Q D f l D )  = [fl(Q  D )] HD, i . e . ,  xD i sa  a  a  a  a  ot
i s  t h e  c o n t r a c t i o n  o f  an. i d e a l  o f  D , h e n c e  i s  an. i n t e g r a l l y
c l o s e d  i d e a l .  I t  f o l l o w s  t h a t  D i s  an. i n t e g r a l l y  c l o s e d
d o m ain , b y  T heorem  2 .3 *
T heorem  3 * 3 4 . E v e ry  p r i n c i p a l  i d e a l  i n  D i s  a n  i n t e r s e c t i o n  
o f  v a l u a t i o n  i d e a l s  i f  and  o n l y  i f  D i s  i n t e g r a l l y  c l o s e d .
f c r o o f ; I f  D i s  i n t e g r a l l y  c l o s e d ,  then , e v e r y  p r i n c i p a l  
i d e a l  i n  D i s  an. i n t e g r a l l y  c l o s e d  i d e a l ,  and  h e n c e  by  
T heorem  3 * 2 6 ,  e v e r y  p r i n c i p a l  i d e a l  i n  D i s  a n  i n t e r s e c t i o n  
o f  v a l u a t i o n  i d e a l s .  C o n v e r s e l y ,  i f  e v e r y  p r i n c i p a l  i d e a l  
i n  D i s  an. i n t e r s e c t i o n  o f  v a l u a t i o n ,  i d e a l s ,  t h e n  e v e r y  
p r i n c i p a l  i d e a l  i s  a n  i n t e g r a l l y  c l o s e d  i d e a l ,  b y  T heorem  
3 * 2 1 .  T h e r e f o r e ,  b y  T heorem  2.3,» D i s  an. i n t e g r a l l y  c l o s e d
d o m a in .
T heorem  3 * 3 5 * I f  D i s  a  N o e t h e r i a n  domain, and  i f  2. c  X> 
t h e n  D i s  a  K r u l l  d o m a in .
n
P r o o f :  I f  A i s  an. i d e a l  i n  D , t h e n  A = 0 w h e re
43
e a c h  Q. i s  a  p r i m a r y  i d e a l  i n  D . T h e re  e x i s t  K r u l l
1 i
dom ains  , f o r  i  = 1 ,  2 , . . , , n ,  su c h  t h a t  D c J ^ c K  ahd
, t h e n  J  i s  a  K r u l l  dom ain
n.
[ 1 ; 7 ] .  Now A c  AJ n D = (n Q .) J  n D c  q  J  n D = Q. f o r1 1  1 1
n.
l < i < n .  T h e r e f o r e  A c A j n D c f l  Q^.= A, h e n c e  A = AJD D, i . e .  
e v e r y  i d e a l  i n  D i s  a  K r u l l  i d e a l  and  D i s  a  K r u l l  
domain., b y  Theorem  2 .1 6 .
Theorem  3 . 3 6 . I f  t h e  p r im e  i d e a l s  o f  D a r e  a lm o s t  D ed ek in d
i d e a l s ,  then . K c  J  i f  and  o n l y  i f  t h e  p r im e  i d e a l s  o f  D
a r e  c h a i n e d .
P r o o f : I f  t h e  p r im e  i d e a l s  o f  D a r e  a lm o s t  D e d ek in d  i d e a l s
and  i f  K c  J  , then . Jfr c  J  , h e n c e  t h e  p r im e  i d e a l s  o f  D
a r e  c h a i n e d ,  b y  T heorem  3*1* C o n v e r s e ly ,  i f  t h e  p r im e  i d e a l s  
o f  D a r e  c h a i n e d ,  t h e n  e v e r y  i d e a l  i n  D h a s  p r im e  r a d i c a l ,  
h e n c e  K c  •
Theorem  3 « 3 7 - I f  t h e  p r im e  i d e a l s  o f  D a r e  a lm o s t  
D e d ek in d  i d e a l s ,  t h e n  T l j c j  i f  and  o n ly  i f  t h e  p r im e  i d e a l s  
o f  D a r e  c h a i n e d .
[
P r o o f : I f  t h e  p r im e  i d e a l s  o f  D a r e  a lm o s t  D e d ek in d  i d e a l s
and  i f  T l J c j ,  t h e n  £  c  J ,  h e n c e  t h e  p r im e  i d e a l s  o f  D 
a r e  c h a i n e d ,  by Theorem  3 .1 *  C o n v e r s e ly ,  i f  t h e  p r im e  i d e a l s
!
o f  D a r e  c h a i n e d ,  t h e n  e v e r y  i d e a l  o f  D h a s  p r im e  r a d i c a l ,  
h e n c e
L e t j  = n
l
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T heorem  3 . 3 8 . I f  SL = X  in. D and  i f  p r o p e r  p r im e  i d e a l s  
o f  D a r e  m a x im a l ,  t h e n  D i s  a  r a n k  one d i s c r e t e  
v a l u a t i o n  r i n g  (an d  c o n v e r s e l y ) .
P r o o f : I f  JL = X  and  t h e  p r o p e r  p r im e  i d e a l s  o f  D a r e
m a x im a l ,  t h e n ,  h y  T heorem  3 *5 , D i s  an. a lm o s t  D e d e k in d  
d o m a in .  Hence t h e  p r im e  i d e a l s  o f  D a r e  a lm o s t  D e d e k in d  
i d e a l s  a n d ,  s i n c e  f i a X  = i C , /  , t h e  p r im e  i d e a l s  o f  D a r e  
c h a i n e d ,  hy  T heorem  3*1* T h e r e f o r e  t h e r e  e x i s t s  o n l y  one 
p r o p e r  p r im e  i d e a l  i n  D and  h e n c e  e v e r y  i d e a l  i n  D i s  
p r i m a r y .  T h e r e f o r e  e v e r y  i d e a l  in. D i s  a  K r u l l  i d e a l  a n d  
D i s  a  K r u l l  d o m ain , b y  T heorem  2 . 1 5 .  B u t a  on e  d i m e n s i o n a l  
K r u l l  domain, i s  a  D e d e k in d  domain. [ 2 3 ^ 8 4 ] ,  h e n c e  D i s  a  
D e d e k in d  dom ain  w i t h  o n l y  one p r o p e r  p r im e  i d e a l ,  i . e .  a  
r a n k  o n e  d i s c r e t e  v a l u a t i o n  r i n g .  The c o n v e r s e  i s  o b v i o u s .
T heorem  3 « 3 9 « I f  JL = %0 i n  D and  i f  p r o p e r  p r im e  i d e a l s  
o f  D a r e  m a x im a l ,  th en .  D i s  a  r a n k  one  d i s c r e t e  v a l u a t i o n ,  
r i n g  (a n d  c o n v e r s e l y ) .
P r o o f : I f  Si = 71J? an.d p r o p e r  p r im e  i d e a l s  o f  D a r e
m a x im a l ,  then. D i s  an. a lm o s t  D e d e k in d  dom ain , b y  Theorem  
3 . 6 .  Hence t h e  p r im e  i d e a l s  o f  D a r e  a lm o s t  D e d e k in d  i d e a l s  
an d ,  s i n c e  Jtczf tJ  = S i c z j  , t h e  p r im e  i d e a l s  o f  D a r e  
c h a i n e d .  T h e r e f o r e  t h e r e  e x i s t s  o n ly  one p r o p e r  pp im e  i d e a l  
M in. D . T hus D = DM i s  a  D e d e k in d  dom ain  w i t h  o n ly  one  
p r o p e r  p r im e ,  h e n c e  i s  a  r a n k  one  d i s c r e t e  v a l u a t i o n ,  r i n g .
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The c o n v e r s e  i s  o b v i o u s .
E xam ple  3 * 4 0 . L e t  k  be  a  f i e l d  and l e t  x , y  be
i n d e t e r m i n a t e s  o v e r  k .  L e t  Dv = k ( y ) [  [ x ]  ] = k ( y )  +My= k ( y )  + xDv ,
l e t  D = k + M v = k + xDv , w h e re  Mv =xDv i s  t h e  m ax im al
i d e a l  o f  D„, l e t  fD 1 be  t h e  s e t  o f  n o n - t r i v i a l  v a l u a t i o n  v w*
r i n g s  o f  k ( y )  o v e r  k ,  and  l e t  D d e n o te  t h e  i n v e r s e
W
im age o f  u n d e r  t h e  hom om orphism  f : Dv -> . Then.
( a )  Dv i s  a  r a n k  one  d i s c r e t e  v a l u a t i o n  r i n g  w i t h  m ax im al 
i d e a l  Mv .
(b )  D i s  one d i m e n s i o n a l ,  q u a s i - l o c a l  w i t h  m ax im al i d e a l  
Mv • 1 v
( c )  I f  D i s  a  n o n - t r i v i a l  v a l u a t i o n  r i n g  o f  K , t h e
q u o t i e n t  f i e l d  o f  D, t h e n  Du  = Dv o r  Du  = f o r  some w.
(d )  D i s  n o t  a  v a l u a t i o n ,  r i n g  and  in. f a c t  i s  n o t  a  P r u f e r
r i n g .
( e )  D i s  i n t e g r a l l y  c l o s e d .
I
( f )  I f  J  i s  a  P r u f e r  dom ain  s u c h  t h a t  D c j c K ,  t h e n  
D < J c D y .
(g )  xD i s  an. i n t e r s e c t i o n  o f  v a l u a t i o n  i d e a l s  o f  D .
(h )  xD i s  n o t  a  c o m p le te  i d e a l .
( i )  xD i s  n o t  a  P r u f e r  i d e a l .
P r o o f : ( a )  [ 2 3 ;1 3 1 ]
I
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(b )  D i s  c l e a r l y  q u a s i - l o c a l  w i t h  m ax im al i d e a l  Mv< S u pp ose  
P i s  a  p r im e  i d e a l  o f  D su c h  t h a t  (0 )  < P < M v « We f i r s t  
show Dp = Dv . Choose a  e M , a  /  P .  T hen  l / a  6 Dp , so
f o r  any  p e Dv , g a e M y c D  and - p = P a ( l / a ) e D p . T h e r e f o r e
Dv c: Dp a n d , s i n c e  Dv  i s  a  m ax im al r i n g ,  Dp = D^. S in c e  
P i s  a  p r o p e r  p r im e  i d e a l  o f  D , t h e r e  e x i s t s  a  v a l u a t i o n  
r i n g  D.j. su c h  t h a t  D c D ^ c K  and  t h e  c e n t e r ,  M .^, o f  D^ 
i n  D - is  P . T h e r e f o r e  D^ . = Dp cD^_ and  h e n c e  D^ = Dv , 
a  c o n t r a d i c t i o n ,  s i n c e  t h e  c e n t e r  o f  D^ in. D i s  Mv> 
T h e r e f o r e  D i s  one  d i m e n s i o n a l .
( c )  I f  D c D  i s  a  n o n - t r i v i a l  v a l u a t i o n  r i n g  o f  K , then .
Du m u s t  h a v e  c e n t e r  My in. D, s i n c e  Mv i s  t h e  o n ly  p r im e
+ ( ° )  i n  D. T hen  y e D^ i m p l i e s  l / y  e w h ic h  i s
i m p o s s i b l e .  T h e r e f o r e  D ^ c D ^  an.d e i t h e r  Du  = Dv  o r
f (D u ) = i s  a  n o n - t r i v i a l  v a l u a t i o n  r i n g  o f  k ( y )  o v e r
k  an.d h e n c e  e q u a l s  D f o r  some w * . But then . D„ = D^ w* u w
s i n c e  Mv = k e r ( f ) c D u -
(d)  y e  k ( y )  an d  y , l / y  /  k ,  h e n c e  i f  y  e D, then . y  = P +m
f o r  some p e k ,  m e M . B ut y -p  = m e k ( y )  i m p l i e s  m = 0 ,
h e n c e  y  = p e k ,  a  c o n t r a d i c t i o n .  T h e r e f o r e  y  /  D an.d
i
s i m i l a r l y  l / y  /  Dj so  D i s  n o t  a  v a l u a t i o n  r i n g .  M o re o v e r ,
D = D„ i s  n o t  a  v a l u a t i o n ,  r i n g  i m p l i e s  D i s  n o t  a  P r u f e r  
v
dom ain..
( e )  The D^ a r e  r a n k  tw o v a l u a t i o n  r i n g s  o f  K w h ic h  a r e
c o n t a i n e d  i n  D . S in c e  ( I D .  = k ,  HD = D and h e n c e  Dv w* w
.. w'* >
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i s  i n t e g r a l l y  c l o s e d .
( f )  I f  J  i s  a  P r u f e r  dom ain  s u c h  t h a t  D c  J c K ,  t h e n
D < J . c  J_  c  D_r, s i n c e  J n i s  a! v a l u a t i o n  r i n g  f o r  e v e r yy  v y
p r im e  Q o f  J .
(g )  xD i s  an. i n t e r s e c t i o n  o f  v a l u a t i o n ,  i d e a l s ,  b y  T heorem
3 . 3 6 .
(h )  xD i s  c o m p le te ,  s i n c e  an. i n t e r s e c t i o n  o f  v a l u a t i o n
i d e a l s  i n  an. i n t e g r a l l y  c l o s e d  domain, i s  c o m p le te  [ 2 3 j 3 5 3 ]»
( i )  We c l a im  xD < x J f l  D f o r  e v e r y  P r u f e r  domain. J  c o n t a i n ­
i n g  D and  c o n t a i n e d  in. K. F o r  i f  a  e J\D> then . 
x a e x J c x D ^ c D ,  i . e .  x a e  (x D ) j  D D = x J f l D .  H ow ever;
x a  £  xD, f o r  i f  x a  e xD, t h e n  x a  = xd  f o r  some d e D
and  h e n c e  a  = d e D, a  c o n t r a d i c t i o n .  T h e r e f o r e  xD < x J  fl D
and  xD i s  n o t  a  P r u f e r  i d e a l .
We c o n c lu d e  w i t h  an. ex am ple  o f  P r u f e r  i d e a l  w h ic h  
I s  n o t  a  c o m p le te  i d e a l .
E xam ple  3 » 4 l .  L e t  D = k [ t 2 , t ^ ] ,  w i t h  k  a  f i e l d .  Then 
D = k [ t ]  an.d D i s  n o t  i n t e g r a l l y  c l o s e d ,  f o r  t  i s
i n t e g r a l  o v e r  D, b u t  t  /  D. The i d e a l  P = ( t 2 , t ^ )  i s  a
p r im e  i d e a l  and  in. f a c t  i s  a  m ax im al i d e a l ,  s i n c e  
k [ t 2 , t ^ ] / ( t 2 , t ^ )  = k  i s  a  f i e l d .  T h e r e f o r e  P i s  a  v a l u a t i o n ,  
i d e a l ,  h e n c e  a l s o  a  P r u f e r  i d e a l .  We c l a i m  P i s  n o t '  a  
c o m p le te  I d e a l . We w i l l  show t h a t  P <£ f  t h e  c o n d u c t o r  o f  
D in. D. Thus P i s  n o t  an. i d e a l  i n  E> and  h e n c e  P £  P*
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( t h e  c o m p le t io n ,  o f  P ) ,  s i n c e  P 1 i s  an i d e a l  o f  D 
[2 3 * 3 4 9 ]*  Now t 2 e P* b u t  t 2 /  f*  f o r  i f  t 2 e f  = fx e D |x D c  D]* 
t h e n ,  s i n c e  t  e S ,  i t  f o l l o w s  t h a t  t ^ =  t 2 *t e t ^ D c D ,  a  
c o n t r a d i c t i o n  t o  t h e  f a c t  t h a t  t ^  /  D. I t  f o l l o w s  t h a t  
P i s  n o t  a  c o m p le te  i d e a l *  i . e .  P i s  a  P r u f e r  i d e a l  w h ic h  
i s  n o t  a  c o m p le te  i d e a l .
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